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Abstract 

The set of Clifford bundles of bounded geometry over open mani- 
folds can be endowed with a metrizable uniform structure. For one 
fixed bundle E we define the generalized component gencomp(£') as 
the set of Clifford bundles E' which have finite distance to E. If 
D, D' are the associated generalized Dirac operators, we prove for 
the pair {D, D') relative index theorems, define relative C~ a-nd r]- 
functions, relative determinants and in the case of -D = A relative 
analytic torsion. To define relative C~ and ry-functions, we assume 
additionally that the essential spectrum of has a gap above zero. 

1 Introduction 

The succeeding paper has 5 main goals, 1. a contribution to classification 
theory for open manifolds, 2. very general relative index theory, 3. scat- 
tering theory, 4. spectral invariants like the absolutely continuous spec- 
trum and relative analytic torsion, 5. relative determinants, important in 
QFT on open manifolds. All these goals are achieved for pairs of Clifford 
bundles (E, /i, V^ ■) — > {M'^^g), {E\h' — ^ (M'",^') of bounded 
geometry and associated generalized Dirac operators D = D{E,h,'V^,-,g), 
D' = D{E', h\ V'*', ■', g') if the following holds. For certain K C M,K' C M', 

{E\m\k — * M \ K), {E'\m'\k' — ^ M' \ K') are vector bundle isomorphic, 

(1.1) 
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and (after pulling back) g—g', h — h', V'* — V'*', — ' have finite (p = 1, r+1)- 
Sobolev norm, r + l>n + 2orr + l>n + 3, i.e. 

\g - g'\g,l,r+l <00, \h- /i'|p,/,,vM,r+l < oo, 
I - V'* \g,hy^,lx+l < OO, \ ■ - ■' \g,h,\"^,l,r+l < oo. (1.2) 

For relative determinants and analytic torsion we assume additionally 

inf (7e(A(^)|(kcrA(9))i) > 0, (1.3) 

where ae(A((?)) denotes the essential spectrum of the graded Laplace operator 
A{g) and we do not admit compact topological perturbations. 

We rewrite these conditions in a more convenient language £" e 
gencomp]^^^jj ^^i(E) where gencomp(-) are generalized components in a uni- 
form structure on the set of all Clifford bundles of bounded geometry. The 
description of (1.1), (1-2) as E' G comp(i?) is more convenient, contentful 
and useful since this expresses additionally the symmetry and transitivity 
of (1.1), (1-2) which is very important in performing proofs. Sobolev esti- 
mates e. g. play an absolutely decisive role. These are always performed for 
concrete Sobolev norms but are needed for others too. E',E" e comp''(£^) 

imphes the equivalence of | \g^h,v'\i,r, I \g',h'y^' ,p,r^ I \g",h",v'^" ,p,r- Moreover, 
comp(£') and gencomp(£') are endowed with a topology such that continuity 
and differentiability considerations make sense. 

Special cases of our results presented in sections 9 and 10 have been discussed 
e. g. in [1], [17], [2], [3]. 

Our approach in this paper is organized as follows. We repeat in section 2 
very briefly the main concepts concerning generalized Dirac operators and 
Sobolev spaces. A key role in the sequel is played by the module structure the- 
orem 2.6. We sketch in sections 3 and 4 uniform structures of open manifolds, 
metrics, vector bundles, connections and Clifford bundles. This is a way to fit 
these objects into natural intrinsic equivalence classes, the arc components 
of the uniform structure under consideration. The general approach is to 
define metrizable uniform structures by local radial metrics which are locally 
"symmetric and transitive". If the corresponding uniform topology is locally 
arcwise connected then the components coincide with arc components and the 
whole space under consideration (consisting of proper metric spaces or open, 
complete Riemannian manifolds) is the topological sum of its (arc) compo- 
nents. In some important cases the uniform struture is not locally arcwise 
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connected. Here we had to make a choice, to restrict to arc components or to 
generaUzed components, where gencomp(X, dx) = {{Y: dY)\dn{X ,Y) < oo}. 
We decided to work with (the much bigger) gencomp since this is for the 
later apphcations the most important case. The generahzed components 
gencomp(£') are the biggest equivalence classes such that we can define for 
any pair of operators in gen comp(£') our invariants and prove relative index 
theorems. 

Our starting basic uniform structure is the Lipschitz uniform structure de- 
fined on the set (of isometry classes) of proper metric spaces. Thereafter 
we restrict to complete Riemannian manifolds and smooth maps, to vector 
bundles and Clifford bundles of bounded geometry. Finally we admit com- 
pact topological perturbations in the definition of d{E, E') < oo. Then the 
arising uniform structures are not locally arcwise connected. The topologi- 
cal background for this is that in general one cannot connect two different 
manifolds by a reasonable arc consisting of manifolds only. We omit mostly 
in these sections the proofs since they are either performed in [6] or modeled 
by proofs in this paper. 

Section 5 sums up some heat kernel estimates which are permanently used 
in the sequel. 

Section 6 has model character for our approach. We fix a Clifford bundle 
{E, hj'V'^, ■) — > {M"',g) of bounded geometry, the corresponding generali- 
zed Dirac operator D — D{g, hj'V'^, •) and permit variation of the (metric) 
connection V'*, such that E' — {E, h, V'*, •) G comp^'''(£', h, V'*, •), in partic- 
ular |V — V'|g^^_v'>,i,r- < OO- Then D and D' = D{g, h,V^^ ■) are self adjoint 
in the same Hilbert space L2((M, E),g, h). e^*^^ — e^*^' is defined and we 
want to prove the trace class property for t > 0. By Duhamel's principle 



If we write D"^ - D'^ = D{D - D') + {D - D')D', D' - D ^ rj ^ r]"P, where 




(1.4) 







n 



ri"P{ij) = Y.ei-rie,{i^), then 



i=l 



t 



t 




-{t-s)D' 
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3 



t 2 t 



We split J = J + J and obtain 



0* 

2 



-tD^ „-tD' 



2 



+ 



-sD- 



rjD'e 



-{t-s)D'^ 



ds 



ih) 



t 

+ j e-^^'L>77e-(*-^)^" ds (h) 
t 

2 



+ 



-sD^ 



TjD'e 



-{t-s)D'^ 



ds. 



ih) 



We want to show that each integral (li) — (I4) is a product of Hilbert-Schmidt 
operators and to estimate their Hilbert-Schmidt norm. Consider the inte- 
grand of (I4), 

One has |e~(*~*)^'^ l^j^j^i < C ■ {t — s)^^. If one writes 

(e-^^'7;)(D'e-(*-^)^") = (e-i^V)(/"ie-i^'r;)(D'e-(*-^)^") (1.5) 

where / shall be scalar function acting by multiplication then wc would be 
done if e^^^ f, f^^e^i^ 1] would be Hilbert-Schmidt with bounded HS- 
norm on compact t-intervals [oq, Oi], Gq > 0. For e~*^ / this holds if / G L2. 
The absolutely decisive question is whether f E L2 can be additionally chosen 
in such a manner that 

/-^e-f^^r; (1.6) 
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is Hilbert-Schmidt too. This is in fact possible via rather dehcate estimates. 

Here we use |r/|i,r < oo- 

(Ji) - (Is) can be discussed quite parallel. By a similar decomposition we 
show that De~^^^ — D'e^^^' is for t > also of trace class and its trace norm 
is uniformly bounded on compact t-intervalls [ao, ai], ao > 0. In section 7, we 
admit complete perturbation of the Clifford structure, i.e. of g, h, V'*, •. This 
has several unconvenient consequences, e. g. variation of g, h implies that 
D = D(g, h, V^, •) and D' — D{g', h', V'^ , ■') are self adjoint only in distinct 
Hilbert spaces, hence e~*^^ — e~*^' is not defined. We transform D' from 
= L2{{M,E),g',h') to L2 = L2{{M, E), g, h), thus getting an operator 
D'^^ = {U*i*D'iUy. But for later applications in section 9 we do this in two 
steps. In the first step we admit perturbation of g, V'*, • to g', V'^ •', i.e. the 
fibre metric h remains fixed. For this reason we write E' e comp^'''^"^^^ ^.(E') 
(F stands for fixing of the fibre metric). Then D'^^ = {U*D'Uy. We apply 
an adapted version of Duhamel's principle thus getting 



(a - 1) - y e-^''\D' - D'l^)e-^'-'^'''-\ ds, (1.7) 



where a — l = ^^^1^/ — 1- The term e (a — 1) can be easily be settled since 
a — 1 is (1, r + l)-Sobolev. Then with —{D — D') = r] we have to estimate 

t 

}e-^^'D{r^-^^)e-^^-^^^% ds + 
J 2q; 


t 



/e-^^D(r,-^^)e-(*-)^^ ds + 
J 2a 
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We can write -{D - D')^ = [r]^ + 77^ + 77^)$. If we still set 770 = -^^^ 
then we must study the 16 integrals 

2 


2 



2 
t 

2 

Unfortunately 77°^ and 773^ are first order differential operators but using 
estimates for the first derivatives of the heat kernels we can show that for 
t > 

e — e ^2 and e D — e ^L)^^ (1.8) 

are of trace class and their trace norm is uniformly bounded on compact 
t-intervalls [aojOi], c^o > 0. 

There is a very important class of Clifford structures where perturbation 
of g automatically induces a perturbation of the fibre metric h. This is 
E = (A*r*M(8)C,5A*, V^A*) — , (M",^) with Clifford multiplication 

X®oj e TmM ® A*T*M (g)C — > X -uj = LUX Auj - ixuj, 

where uox '■= g{,X). In this case E as a, vector bundle remains fixed but 
the Clifford module structure varies smoothly with g,g' e comp(gf). It is 
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well known that in this case D = d + d*, = (d + d*Y Laplace operator 
A. This example later produces the relative analytic torsion. Therefore we 
must admit perturbation of the fibre metric too but we can prove that if 
E' e geTicom])Ydi}}^^) then for t > 

are of trace class and their trace norm is uniformly bounded on compact 
i-intervalls [ao,ai], oq > 0. 

In section 8 finally, we additionally admit compact topological perturba- 
tions, E\m\k — E'\m'\k' as vector bundles together with (1.2). Consider 

n = L2{{K,E\K),g,h) ® L2iiK',E'\K'),g'h') ® \ K),g,h). Then 

D acts in Ti by defining it to be zero on L2{{K' , E'\k'), g'h'). Similarly, 
a suitable transformation D' of D' acts in Ti by defining it additionally 
to be zero on L2{{K, E\k), g, h). Let P, P' be the orthogonal projection 
onto L2{{K' , E'\k'), g'h')-^ , L2{{K, E\k), g,h)-^, respectively. Then we have 
to prove (if E' e gencomp]^'^^jf^^^i{E)) that for i > 

^-tD^p_^-tD''p, e-tD^D-e-'^''D''' (LIO) 

are of trace class and their trace norm is uniformly bounded on compact 
i-intervalls [ao,ai], oo > 0. 

In principle (1.10) contains the other theorems (as special case K — K' — 
such that we could omit them. But there is no doubling of proofs. The 
proof for the more general perturbation adds to the proof of the foregoing 
case (with smaller admitted perturbations) only those features which come 
specifically from the more general perturbation. 

In the special case of the graded Laplace operator we obtain that for t > 

^-tAp_^-t(U*i*^'iU)p, ^;l.11) 

is of trace class and its trace norm is uniformly bounded on compact t- 
intervalls [ao,ai], oo > 0. 

After a long preparatory material, the sections 9 and 10 contain the appli- 
cations to relative index theory, scattering theory, ^-functions, determinants 
and relative torsion. Here we assume as usual E, E' endowed with an invo- 
lution = Z2-grading r, = 1, r* = r, [r, = for X e TM, [V, r] = 0. 
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Then L2{{M,E),g,h) = L2{M,E+) ®L2{M,E-) and D = 
D~ = {D^y. If M" is compact then as usual 

indD := mdD+ := dim ker D+ - dim ker D' = tr (re~*^'), 

where we understand r as 

For open M" indD in general is not defined since re~*^ is not of trace class. 
The appropriate approach on open manifolds is relative index theory for pairs 
of operators D, D'. If D, D' are selfadjoint in the same Hilbert space and 
^tD _ ^-tD' -^ould be of trace class then 

ind(L', D') tr (r(e-*^' - e"*^")) (1.12) 

makes sense, but at the first glance (1.12) should depend on t. 

The admitted perturbations then must be r-compatible, i.e. [V',r] = 0, 
[t,X-']+ = 0. Then we prove in theorem 9.1 that if E' e comp]^'^^jf^^^i{E) 
then 

trr(e-*^'-e-*(^*^*^'^^)') (1.13) 

is independent of t. A similar result has been proved in [2] under much more 
restrictive assumptions. 

We conclude in 9.4 that under the hypothesis of 9.1 the pair D, U*i*D'iU 
forms a supersymmetric scattering system. In particular, the restriction of 
D, U*i*D'iU to their absolutely continious spectral subspaces are unitarily 
equivalent. 

If moreover, inf cre(-D^) > then mi ae{{U*i* D'iUy) > and 

tr r(e-*^' - e-*(^*^*^'^^)') = indL> - indL*', 

where as usual indD := mdD~^. This is the content of theorem 9.6. In 
theorem 9.7 we admit more general perturbations for the relative index theo- 
rem. Thereafter we introduce the spectral shift function and show that under 
certain assumptions the scattering index n'^(A, D, D') is constant and if addi- 
tionally the essential spectrum has a gap above zero then even rf{D, D') — 0. 



\D+ or 
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The concluding section 10 is devoted to relative (^-functions, ry-functions, 
determinants and analytic torsion. Here we prove in theorem 10.4 that for 
£" G gen comp^''^^jjj^(£'), inf o'e(Z}^|(kci.£i2)±) > a relative zeta-function 

({s,D'^,D' ) is defined for Res > —1 and is holomorphic in s = 0. This 
allows to define relative determinants which are very important in QFT and 
which satisfy the usual rules. This is the content of theorem 10.5. 
Unfortunately g' E coi[np^'^~^^(g) does not imply E' e gen coiap]^^^j j: p(E) 
for E — (A* <S>G,gj^*), E' — (A* ®€,g'^»), since the fibre metric also 
changes, g\* — > g'^,. Here we have to refine our considerations. This is 
performed in 10.6. We prove in theorem 10.7 that for g' G comp^'^"'"^(5f) 
and inf o"e(A|(kcr A)^) > the relative analytic torsion r^, log Ta{M"' , g, g') : = 

n 

^(— l)^g • (g{0, A, A') is well defined. Thereafter we present classes of ex- 

g=0 

amples where all assumptions are satisfied. 

The final calculations are devoted to the relative 77-function and jy-invariant 
which is the content of theorem 10.11. 

Part of our future attention will turn to combinatorial approaches of the 
topic of this paper. 

2 Clifford bundles, generalized Dirac opera- 
tors and Sobolev spaces 

We recall for completeness very briefiy the basic properties of generalized 
Dirac operators on open manifolds. Let (M**, g) be a Riemannian manifold, 
m G M,Cl{TmM,gm) the corresponding Clifford algebra at m. Cl{T^,gm) 
shall be complexified or not, depending on the other bundles and structure 
under consideration. A hermitian vector bundle E ^ M is called a bundle of 
Clifford modules if each fibre Em is a Clifford module over Cl{Tjn,gm) with 
skew symmetric Clifford multiphcation. We assume E to be endowed with a 
compatible connection V^, i.e. is metric and 

vf (y • $) = (V^F) ■ $ + F ■ (Vf $) 

X,Y e T{TM), $ G r(E). Then we caU the pair {E, V^) a Clifford bundle. 
The composition 

r{E) r{T*M ^E) ^ r{TM ^e) r{E) 
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shall be called the generalized Dirac operator D. We have D — D(g, E, V). 
li Xi, . . . Xn is an orthonormal basis in T^M then 



E 



i=l 



D is of first order elliptic, formally self-adjoint and 

where = (V'^)*V'^ and R e T[End{E)) is the bundle endomorphism 



1 " 



Next we recall some associated functional spaces and their properties if we as- 
sume bounded geometry. These facts are contained in [10], [11] and partially 
in [13]. 

Let — > M be a Clifford bundle, V = V^, D the generalized Dirac operator. 
Then we define for $ e V{E),p > 1, r e Z, r > 0, 



l$l 



l$l 



W^^E) 
WP''XE) 

HP''\E) 



Y,\V'mdvoU9) 



i=0 

r 



i=0 



{$ G r(^)||<i>|H/p,'- < oo} , 

completion of w. r. t. 

{$ e t{E)\\(^\hp'- < oo} , 



~ completion of w. r. t. | 



In a great part of our consideration we restrict to p = 1, 2. In the case p — 2 
we write W^''' = W, H^''' = H'' etc.. If r < then we set 



W 



(E) := {W-^(E)) , 
H''{E) (^H-'{E)y. 
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Assume (M", g) complete. Then C^{E) is a dense subspace of WP'^{E) and 
HP'^{E). This follows from proposition 1.4 in [11]. If we use this density and 
the fact 

|D$(m)| < C - |V$(m)|, 

we obtain < C ■ \^\\yp,i and a continious embedding 

WP'\E) ^ HP'\E). 

For r > 1 this cannot be established, and we need further assumptions. 
Consider as in the introduction the following conditions 

(/) rinj{M, g) = inf^-eM Unjix) > 0, 

{Bk{M,g)) \{VsyR'\<Ci, 0<i<k, 

v^)) liw^YR^i <Ci, 0<i<k. 

It is a well known fact that for any open manifold and given k,0 < k < oo, 
there exists a metric g satisfying (/) and {Bk{M,g)). Moreover, (/) implies 
completeness of g. 

Lemma 2.1 Assume {M"',g) with (I) and (Bk). Then C^{E) is a dense 
subset of WP'''{E) and HP''{E) forO <r <k + 2. 

See [11], proposition 1.6 for a proof. □ 

Lemma 2.2 Assume {M"',g) with (I) and {Bk). Then there exists a conti- 
nuous embedding 

WP'''{E) — > HP'''{E), 0<r<k + l. 
Proof. According to 2.1, we are done if we can prove 

for < r < A; + 1 and $ G C^{E). Perform induction. For r = |$|ii-p,o = 
|$|vi/P,o. Assume |<I>|HP,r < C ■ \^\ivp,r. Then 

|<l>|j^p,r+l < C ■ + \D''D^\HP,r) 

< C ■ {\^\wP,r + \D^\wP,r). 
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Let -£^,1 — 1, . . . ,n coordinate vectors fields which are orthonormal in m e 
M. Then with = V_e, 

|vw|^<c- ^ |v,,...v,,^.v,$r 

ii,--;is,j 

Now we apply the Leibniz rule and use the fact that in an atlas of normal 
charts the Christoffel symbols have bounded euclidean derivatives up to order 
k — 1. This yields 

I V'^L'^I^ <C- ■ ■ ■ V..+,$|^ for r < k, 

i. e. 

altogether 

|$|j:/p,r+l ^ C • |$|^p,r+l. 

□ 



Remcirk. For p — 2 this proof is contained in [3] . □ 

Theorem 2.3 Assume {M"',g) with (I) and {Bk) and (-B, V) with {3^) and 
p — 2. Then for r <k 

as equivalent Hilbert spaces. 

Proof. According to 2.2., W'^{E) C W^E) continuously. Hence we have to 
show H'^(E) C W'^{E) continuously. The latter follows from the local eUiptic 
inequality, a uniformly locally finite cover by normal charts of fixed radius, 
uniform trivializations and the existence of uniform elliptic constants. The 
proof is performed in [3] . □ 
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Remark. 2.3 holds for 1 < p < oo (cf. [13]). □ 

As it is clear from the definition that the spaces WP'''{E) can be defined for 
any Riemannian vector bundle {E,hE,V^). We assume this more general 
case and define additionally 



^^'W{E) -.^{Qe C'{E) ^''\q\ := y sup |V^^|^ < oo 
and in the case of a Chfford bundle 

^^'H{E) := L e C'{E) ^^'^^\q\ := V sup \D'q\^ < oo i . 

^'^W{E) is a Banach space and coincides with the completion of the space of 
all Q e r(£') with '''^l^l < oo with respect to *'*||. 

Theorem 2.4 Let {E^h^V^) he a Riemannian vector bundle satisfying (I), 
{B,{M-,g)), Bk{E;V)). 

a) Assume k > r,k > l,r — ^ > s — '^,r > s,q > p, then 



WP^'iE) ^ W^'^iE) (2.1) 



continuously. 
h)Ifk>r>^ + s then 



WP^'iE) ^ ''^'W{E) (2.2) 

continuously. 

We refer to [13] for the proof. □ 

Corollary 2.5 Let E M be a Clifford bundle satisfying (I), {Bk{M)), 
{Bk{E)), k>r,r>^ + s. Then 

H^(^E) ^ ^''H{E) (2.3) 

continuously. 
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Proof. We apply 2.3, (2.2) and obtain 
Quite similar as in the proof of 2.2., 
continuously. 



(2.4) 

(2.5) 
□ 



A key role for everything in the sequel plays the module structure theorem 
for Sobolev spaces. 

Theorem 2.6 Let {Ei,hi,Di) — > {M'^,g) he vector bundles with (I), 
{Bk{M^,g)), {Bk{Ei,Vi)), i = 1,2. Assume < r < n,r2 < k. //r = 
assume 



r — - < ro — — 

P ^ P2 \ nr 

1 < ± + ± 

p — pi P2 




If r > assume - < — + — and 

J P — Pl P2 



p '■pi 
r - - < r2 - — } or 






< 


n - 


n 
Pl 


n 


< 


r2 - 


n 






P2 


I 


< 


±_ 




P 




P2 





or { r-l < r.-iL . (2.6) 



r — 


n 


< 


n - 


n 




P 




Pl 


r — 


n 


< 


r2 - 


n 




P 




P2 


r — 


n 


< 


n - 


n 




P 




Pl 



f — — < IL_|_j-„ — IL 

P — Pl ^ P2 ^ ^ ' P ' ■ " Pl ■ ■ " P2 

(2.7) 

Then the tensor product of sections defines a continuous bilinear map 
iyPi''-i(Ei, Vi) X W^P2''^2(E2, V2) H/^'''-(Si ® E2, Vi ® V2). 
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We refer to [13] for the proof. □ 
Define for iieC°(M),c>0 



Bc(x) 



Lemma 2.7 Let (M", g) be complete, Ric{g) > k,k &'R,k > 0. Then there 
exists a positive constant C = C{n, k, R), depending only on h, k, R such that 
for any c e]0, R[ and any u e W^^^{M) n C~(M) 

j \u — Uc\dvolx{g) < C ■ c ■ J \Vu\ dvolx{g)- 

M M 

Proof. For u G C^(M) the proof is performed in [18], p. 31-33. But what 
is only needed in the proof is / \u\dx, j \Vu\ dx < oo (even only J \Vu\ dx < 
oo). 

The key is a the lemma of Buser, 



J \u — Uc\ dy < C • c ■ J I Vrt| dy. 



□ 



Remark. The conditions u, Vu e C°° are not necessary, ti e is sufficient. 

□ 

Proposition 2.8 Let {E,h,V) {M'^,g) he a Riemannian vector bundle, 
{M'',g) with (I), {Bo),r >n + l,0<c< and r] e W^'^{E). Then 
He e W^'^{M) = Li{M), where 

Bc{x) 
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Proof. Set u{x) — \r]{x)\. Then u{x) — \r]\^{x) and, according to Kato's 
inequality, 

/|V«Kx = /|VN|d.</|V^d.<co. 

Hence we obtain from 2.7, \u\ — \rj\ e Li, \r)\ — jTyjc G Li, 

W\c e L,. (2.8) 

□ 



Remark. For (2.2) is the assumption {Bo{E)) superfluous. Nevertheless, in 
our applications we even have {Bk{E)). □ 

Finally we recall for clarity and distinctness a fact which will be very im- 
portant later. Let {E, h, V) — > (M", g) be a Riemannian vector bundle with 
(7), {Bk{M)), {Bk{E)), /i>r + l,r>^ + l,0<c< nnj. Then the spaces 

W'^''^{E\b^{x)) = {q Q distributional section of E\b^(x) s. t. \Q\p,r < oo} are 
well defined, x & M arbitrary. Radial parallel translation of an orthonormal 
basis defines an isomorphism 

: WP'^-iElB^^^)) ^ W^^'-iBM, V"), (2.9) 

fic(O) C W,V^ = R^ or C^,iV = vkE. We conclude from 
(i?fc(M)), [Bk{E)), k>r + l and [15] that there exists constants Ci, Ci s.t. 

ci,Ci independent of Moreover, if ^ e W'^'''^{E) then £ 
W^f'^(E|B,(,)). Similarly, 

C2'''1^|Be(.) < ''1A,^|b,(o) < C2 • (2.11) 

C2,C2 independent of (Sfe(M)), (i?fc(i?)), < c < ri„j imply that Bc{x) 
satisfies all required smoothness conditions and we obtain from the Sobolev 
embedding theorem, (2.10), (2.11) 

W^'\E\s^^^))^'''W{E\s^^x)). (2.12) 
^'^\q\b^{x) < C ■ \g\p,r,Bc{x), (2-13) 

C independent of x. 
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3 Uniform structures of open manifolds, met- 
ric, vector bundles, connections and Clif- 
ford structures 

As we pointed out in [6], there exist in any dimension n > 2 for closed 
manifolds only countably many diffeomorphism types but for open manifolds 
uncountably many homotopy types. Moreover, there exists no nontrivial 
additive number valued invariant which is defined for all open (oriented) 
manifolds. We attack these two problems as follows. We developed in [6], 
[7], [8] a classification approach for open manifolds consisting of 4 main steps. 

1. Definition of uniform structures of open manifolds. 

2. Characterization of the (arc) components which serve as rough equivalence 
classes. 

3. Classification of this components by invariants. 

4. Classification of the elements inside a component by invariants. 

The components in the uniform structure under consideration are the rough 
equivalence classes. In the for us essential cases they contain only countably 
many diffeomorphism types. In this paper, we are concerned essentially 
with step 4 above. We define number valued invariants for the manifolds 
inside a component. But according to the remark above, this will be relative 
invariants. This means we fix one manifold Mq inside a component and 
construct for any other manifold M an invariant defined by the pair (Mq, M). 
At the purely Riemannian level this will be e. g. the relative torsion. But we 
extend this approach to the more general case of Clifford structures, genera- 
lized Dirac operators and associated relative zcta functions, in particular we 
define relative determinants which play, as well known, a big role in partition 
functions in QFT. 

Wc give in this and the next section a brief outline of the uniform structure 
approach necessary for the sequel and start with uniform structures of open 
manifolds. A complete Riemannian manifold (M", g) defines a proper metric 
space. Therefore we started in [6] with uniform structures of proper metric 
space, i. g. the Gromov-Hausdorff uniform structure or scries of Lipschitz 
uniform structures. The general image for Lipschitz uniform structures is 
as follows. Let 3Jt be the set of (isometry classes of) proper metric spaces. 
Denote for a Lipschitz map ^ : X — [X, dx) — > (Y, dy) — Y , 
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dil $ = sup d{^xi,^X2)/d{xi,X2) and define 

' inf{max{0,logdil + max{0, logdil + sup x) 

X 

+ sup y) I ^ -.X — )• y, * : y — )• X Lipschitz maps } 

dL{X, Y)-< I I _^ g^^^ |_ . . } < oo 

^ oo in the other case. 



X Y \i diXX^ F) = is an equivalence relation, QJt^ := 9Jl/ ~ . Set for 
5 > 

Vi = {{X,Y)emil\dL{X,Y)<5}. 



Lemma 3.1 £ = {V5}5>o is a basis for a metrizable uniform structure 

ilL(9?tL). □ 



Let WIl he the corresponding completion. 
Theorem 3.2 a) = 9^^. 

b) WIl is locally arcwise connected, hence components coincide with arc com- 
ponents. 

c) VJIl — comp(Xj) as topological sum. 

d) comp(X) = {y e MildLiX, Y) <oo}. □ 

These definitions and considerations do not take into account the smooth 
structure and the Riemannian metric if {X, dx) = (-^'^, g, dg) is a Riemannian 
manifold. If we restrict to Riemannian manifolds we restrict the class of 
admitted maps and replace di by sharper distances. First we start with 
id^ as admitted maps and define the Sobolev uniform structures for the 
Riemannian metrics on a fixed manifold M and for the Clifford connections 
on a Clifford bundle {E^ h) — > iM,g) without fixed connection V'^. 
Denote by A4{I, Bk) the set of all metrics g on M satisfying the conditions 
(/) and {Bk). 
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Let 1 < p < oo, A; > r > ^ + 2, 5 > and set with C{n, S) ^ 1 + S + 
Vs = I {g, g') e M(7, B^f C{n, S)-'g < g' < C{n, 5)g and \g - y'l,,^,. 



Here g, g' quasi isometric means Ci ■ g < g' < C2 ■ g in the sense of quadratic 
forms. This is equivalent to ''\g — g'\g < 00 and '^\g — g'\g' < 00, where for a 
tensor t ^\t\g = sup^-gM \t\g,x- 

Proposition 3.3 Assume p, k,r as above. Then B — {Vs}s>o is a basis for 
a metrizable uniform structure iF'^(M(7, 5^)). 

We refer to [12] for a proof. The key to the proof is the module structure 
theorem. □ 

If we would replace in the definition of \g — g'\g,p,r above hy \g — g'\g,p,r = 

(/ (I^i=o \ ^^y{9 ~ 9')\^g,x) dvolxig))'' then we would get an equivalent uni- 
form structure. 



Let M^{I, Bk) — M{I, Bk) endowed with the uniform topology. TW^'^ := Mr 
the completion. If/c>r>^ + l then TW^''" still consists of C^-mctrics, i.e. 
docs not contain semi definite elements. This has been proved by Salomonsen 
in 



Theorem 3.4 Let k > r > ^ + 2,g e M{I,Bk), UP'^{g) = e 

MP'''{I,Bk)\ ^\g - g'\g < 00, ^\g - g'\'g < 00 and \g - g'\g,p,r < ooj and 
denote by comp{g) C A4P'^{I , B^) the component of g in A4P'^{I , B^). Then 

compig) = U^'^ig), (3.1) 

comp{g) is a Banach manifold, forp = 2 a Hilbert manifold and Ai^''^{I, B^) 
has a representation as topological sum 

M^'''-(7,Sfe) = ^comp(^,), (3.2) 
jeJ 

J an uncountable set. 
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The proof is performed in [12]. □ 

Remarks 3.5 1. If M" is compact then J consists of one element. 

2. AU metrics in the completed space are at least of class . Hence curvature 
is well defined. □ 

Let {E, h) (M", g) be a Clifford bundle without a fixed connection, (M**, g) 
with (/) and (-Bfe). 

Set 



CE{Bk) = I V V is Clifford connection, metric with respect to h and satisfies 

Assume {E, h) (M", g) as above, A;>r>^ + 2,5>0 and set 
Vs = {(V,V') eCE(Bfc)2||V- V'|v,p,, 

{fi2\^i^-^')\'dvoUg))'<6]. 

i=0 

Proposition 3.6 Assume p, k, r as above. Then B — {Vs}s>o is a basis for 
a metrizable uniform structure lt^'''(CB(i?fe))- 

We refer to [10] for a proof. □ 

Let C^/iBk) be the completion of (CE(Bk),iiP'''(CE{Bk))). If V, V G 
C^'^{Bk) then V — V is a 1-form —rj with values in satisfying 

r],iY-^)^Y-ri,i^). (3.3) 

As well known, a metric connection V in £^ induces a connection V in Qe- 
Denote 

^\Qe^) ■= {V e ^\Qe) V satisfies (3.3) }, 

/r 1 
Yl I^'^IS dvol^ig)^ " < ooj, 
A—n 



=0 

I V,p,r 
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If (M",^) satisfies {!), (Bk) then 



7] distributional |r^|v,p,r < oo 



}, (3.4) 



r <k + 2. 

Theorem 3.7 Assume {E,h) — > {M"',g),p,k,r as above. Denote for V £ 
CE^Bk) by compiy) C C^^{Bk) the component ofV in C^^{Bk). Then 



Remcirks 3.8 1. If is compact then C^^{Bk) — C^'^ consists of one 
component 

2. If V is non smooth then one sets V* = (Vq + (V — Vq))', Vq £ compV fl 
Ce{Bi), and the right hand side makes sense. 

3. All connections in the complete space are at least of class C^. Hence 
curvature is well defined. □ 

For the sequel, we must sharpen our considerations concerning Sobolev 
spaces. Let (i?, /i, V) {M"',g) be a Riemannian vector bundle. The con- 
nection V enters into the definition of the Sobolev spaces W^'^'. Hence we 
should write W^'^i^EjV). Now there arises the natural question, how do 
the spaces WP''^{E,V) depend on V? We present here one answer. Other 
considerations are performed in [9], [10]. 



Proposition 3.9 Let {E,h,'V) {M"-,g) be a Riemannian vector bundle 
with (I), (Bk), {Bk{E,V)), k > r > ^ + 1,1 < p < oo. Suppose V G 
comp(V) C V smooth, i. e. V = V + 77, 77 G Q^'P'^'iGE, V) n C°°. 

Then 



and C^^ 



comp(V) = V + n^'P'^iQ^^, V) 
(Bk) has a representation as topological sum 



(3.5) 




(3.6) 



The proof is performed in [10]. 



□ 



WP'\E, V) = WP'\E, V), 0<i<r, 



(3.7) 



as equivalent Banach spaces. 
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For the proof we refer to [9], [10]. The proof includes some combinatorial 

considerations and essentially uses the module structure theorem. This is 
the reason why we assumed k > r > ^ + 1. But this assumption can be 
weakened. We only need the validity of the module structure theorem. □ 

Remark 3.10 The assumption rj smooth in superfluous. As we mentioned 
already several times, we can define WP'^{E,'V') and prove (3.7) for V' G 
comp(V) only. □ 



Corollary 3.11 Suppose {E,h,V) {M^,g) as above, k > r > ^ + 2, 
V' = V + 77, 77 e n^'P'^'iGE: V). Then 

W^P^%E, V) = W^P^%E, V), 0<i<^. (3.8) 

Proof, r > ^ + 2 implies r - ^ < | - ^, 2p > p, r > |, i. e. 

^^''^''■(6^£;,V) C0i'2f.i(^g,V). 
Now we apply the proof of 3.9 replacing p — > 2p, r — > |. □ 



Corollary 3.12 Suppose {E, /iV) {M'^,g) a Clifford bundle with the con- 
ditions above for p — 1, i. e. k>r>n-\-2,'V'& comp(V) C C^^{Bk), V' 
smooth. Then 

W'^'\E, V) = W\E, V) = W\E, V) = W'^'\E, V), < i < -. (3.9) 

2 



Corollary 3.13 Assume the hypothesises of 3.7. and write D — 
D{V,g),D' = D{V,g). Then 

H'{E,D) ^ H'(E,D'), <i <-. (3.10) 

2 



In particular, 



Voi^Vj^n, 0<i<^, (3.11) 



where V^i denotes the domain of definition of . 
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Proof. (3.11) follows from the result of Chernoff that is essentially self 
adjoint on C^{E) and Vj^i = H'{E,D). (3.10) follows from (3.9) and 2.3. 

□ 



Finally we make some remarks concerning the essential spectrum of D and 
D^. More precisely, we prove that it is an invariant of compCV). We have 
several distinct proofs for this and present here a particularly simple one. 
We consider Weyl sequences and restrict to orthonormal ones. Denote by 
(Je{D) the essential spectrum of D. A e cre{D) if and only if there exists a 
Weyl sequence for A, i. e. an orthonormal sequence e Vd] s. t. 

lim {D - A)$^ = 0. (3.12) 

i/— >oo 



Lemma 3.14 Suppose A G ae{D). Then there exists a Weyl sequence 
for A 5. t. for any compact subset K <Z M 

lim \^,\l,{k,e) = 0. (3.13) 

This is Lemma 4.29 of [3]. One simply chooses an exhaustion Ki <Z K2 CL 
. . . ,\jKi — M, starts with an arbitrary Weyl sequence {^v)i>, produces by 
the Rellich lemma and a diagonal choice a subsequence Xv such that {Xi,)v 
converges on any Ki in the L2-sense and defines :— {X2i>+i — X2v)\V^- 
^u)v has the desired properties. □ 



Proposition 3.15 Suppose {E,h,V) — > {M^,g) a Clifford bundle with (I), 
{Bu{M)), {Bk{E,V)), k > r > n + 2,n > 2, V e comp{V) C C]f{Bk), 
D ^ D{V,g),D' ^ D{V,g). Then 

a,{D)^<T,{D'). (3.14) 

Proof. 

i i 

where the operator 77°^ acts as 

^'''(*)i. = E^'-^e^(*)i- 
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Then, pointwise, \r]°^\x < C ■ \ri\x, C independent of x. Given £ > 0, there 
exists a compact set K — K{e) C M such that 

£ 

sup |r;|a; < — , i.e. sup \r]'^\x < e. (3.15) 

xeM\K ^ xeM\K 

Assume now A G (Je{D), {^u)^ a Weyl sequence as in (3.13). According to 
(3.11), e Vd'. Then 

{D' - A)$, = {D' - D)^, + {D- A)$,. 

By assumption, {D — X)^i, — > 0. Moreover, 

\{D' - D)^^\l2(M,E) = \v"''^Al2{M,E) < C ■ {\r}^u\L2{K,E} + \r]^u\L2{M\K,E))- 

\r)^u\L2{K,E) and 

C ■ \r]^u\L2(M\K,E) <C ■ sup \r]\x ■ \^u\l2{M\K,E} < £■ 

x€M\K 

Hence {D' - X)^^ ^ 0, A G (y^{D'), ae{D) C a^iD'). Exchanging the role of 
D, D', we obtain ae{D') C ae{D). □ 



Until now we fixed the fibre metric h and allowed variation of the metric 
connection V'*. The next step is to admit simultaneous variation of g,h and 
V^, i. e. we consider Riemannian vector bundles (E', /i, V'') — > {M"'.,g) 
ikE = N with (/), {Bk{g)), (-Bfc(V^)), a metric connection for h and 
admit variation of g, h, V'^ in this class. Denote by Geom(i5 — > M, k) this 
set. LetA;>r>^ + 2, l<p<oo, 5>0 and set 



Vs = U{g,hy'),{g'm,h',V''')) eGeom{E ^ M,ky 



C[n,-j g<g' <C{n,S)g, Ci^N,-j h < h' < C i^N, -h ] , 



(3.16) 
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Here 

V*^ i=0 

We remark that V'* — V'*' is still tensorial although V'*, V'*' belong to different 
fibre metrics. 

Proposition 3.16 i! = {V5}5>o ist a basis for a metrizable uniform struc- 
ture HP'^-iGeomiE ^ M,k)). 

Sketch of proof. For the symmetry we have to prove that \g — g'\g,p,r < f , 
\h — /i'|g,/j,v^,p,r < |) — '^'^'\g,h,v'^,p,r < I imply the existence of S' — 
6' (6) > s. t., replacing in all three expressions | |g,h,v'',p,r by | Ig'h'v'^' pr^ 
these are < j and S'{6) - — > 0. For the first expression we proved this in 

[12]. For the second and third expression this is quite analogous. We have 
to perform a simple induction and we indicate only the initial steps. The 
main point are the combinatorial formulas in [10], [12]. Nevertheless, there 
are some deviations from [10], [12] since we have here simultaneous variation 
of g, h, V^. Assume 

5 5 5 

\g - g \g,p,r < \h- h \g^h,V>^,p,r < |V - V |g,fe,v'',p,r < g (3-17) 

and consider 

\{W^'{h-h')\g,,h',. and |(V'^')XV'^-V'^')|,.,,., (3.18) 

For i = 0, according to (3.16) with V = V'^, V = V'*' 

Ci\h - h'\h,x <\h- h'\h',x < C2\h - h'\h,x (3.19) 
CslV - V'l,,^,, < |V - V'l,.,^.,, < C4IV - V'l,,^,, (3.20) 

and similarly for the L^-norm. (3.20) is a consequence of the fact that quasi- 
isometry of the metrics g and g', h and h' induce quasiisometry of pointwise 
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norms of tensors and of volume elements. Let i — 1. Then, omitting the 
indices at the pointwise norms, 



\V(h -h')\< \(V -V)(h- h')\ + \V(h -h% (3.21) 
|V'(V - V')| < |(V' - V)(V - V')| + |V(V - V')| (3.22) 

The first terms on the r. h. s. are in Lp according to (3.19), (3.20) and 
the module structure theorem. The second term is in Lp by the assumption 
(3.17). All Lp-norms are controlled by (3.17), i. e. by a polynomial in | with 
positive coefficients and without constant terms. For i = 2. V'^ = V o V'. 
The left hand V on the right hand side is of the form V'* and this can 
be rewritten as 

(v^' - v^) (v'^' - v'^) + (v^' - v^) ® v'^ + (V'*' - V'*) + vf ® v^ 

(3.23) 

Moreover, 

V'^ = V'(V'-V) + V'V 

= (V- V)(V'- V) + V(V'- V) + (V'- V)V + V^. (3.24) 

Using this and inserting into the left hand (V')'s the expression (3.23), into 
the left hand (V)'s V = (8) V'*, we obtain from the assumption (3.17), the 
settled case i — 1 and from the module structure theorem 

|V"(/i-/i')lp',.',v'^',p,.<|, (3.25) 

|V''(V-V')|,,,,v'.',p,.<|, (3-26) 

where 62 is a polynomial in | with positive coefficients and without constant 
term, i. e. 62(6) — > 0. For higher i we apply the combinatorial considera- 

(5— »0 

tions performed in [10], [12] and obtain that \g — g'\g,p,r, \h — h'\g^h,\/h^p^r, [V* — 
V'''|g,,^,v^p,r are bounded by polynomials in l^'ig - g')\g,p: |(V'')^(/i - /i')I<7,p> 
l^y/i^fcj^y/i _ yft. ^|^^^ < i, j, k < T without constant term and with positive 

coefficients. This indicates the proof for the symmetry of £ = {V5}5>o. The 
proof of transitivity is a little more difficult and completely modeled in [10], 
[12]. □ 

Let GeomP{E M,k) be the pair (Geom(£; M, A;),!!^''') and denote by 
Geom^'''(£^ M, k) the completion. 
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Proposition 3.17 Denote by arccomp^'''(5f, /i, V'^) the arc component of 
{g, h, V^) in GeomP'''{E ^ M,k). If {g', h', V'*') G arccompP'''(^, h, V'^) then 

\9 - 9'\g,p,r < OO, \h- /l'|g,fe,v'',p,r < ^, iV" - \g,h,Vh,p,r < OO. 

□ 

We are not able to prove that Geom^'''(£^ — > M,k) is locally arcwise con- 
nected. The reason for this is indicated after proposition 3.19. 

Until now wc defined our uniform structures for fixed M or fixed E — ^ M, 
respectively. It is possible and for many applications in classification theory 
necessary to include maps into the definition of the uniform structures. We 
define, as we did in Hl. This is an extensive task. We did some work in this 
direction in [6] and refer to this paper. For our main theorems only these 
uniform structures are of interest. One we introduce now, the others in the 
next section. First we recall some facts from mapping theory. 

Let (M", g), (iV"', h) be open, satisfying (/) and (Bk) and let / e C°°(M, N). 
Then the differential df ^ f^ = Tf is a section of T*M ® f*TN. f*TN is 
endowed with the induced connection /*V'*. The connections and /*V'^ 
induce connections V in all tensor bundles TJ(Af) (E) f*T^{N). Therefore, 
V™(i/ is well defined. Assume m <k. We denote by C°°'"^{M, N) the set of 
all / e C°°(M, N) satisfying 

m— 1 

Consider complete manifolds {M'',g) {M"\g') and C°°'"^(M, M'). A diffeo- 
morphism f : M — > M' will be called m-bibounded if / e C^'^^iM, M') 
and f-^ e C°°''"(M',M). Sufficient for this is 1. / is a diffeomorphism, 2. 
/ e C~'-(M,M'), 3. inf |AUin(d/). > 0. 

X 

Starting with bibounded diffeomorphisms of (7°°."*+!^ m + 1 > r + 1, one 
can define a Sobolev uniform structure 1X^'^(P'""'"^(M)), thus getting a com- 
pleted Sobolev diffeomorphism group VP''^{M, g). This procedure is really 
very complicated and the content of [9]. A bibounded diffeomorphism / 
is in T>P''^{M, g) if and only if / = exp X o /, where / is smooth and (r + 1)- 
bibounded, X a vector field anlong f, X e QP-''^{f*TM) small. Since we 
mostly do not consider completed versions in our manifold classification ap- 
proach, we restrict to a subgroup V^'^lM, g). Here / e P^'^ if / = exp Xof , f 
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(r+l)-bibounded and X a smooth vector field along / satisfying \X\p^r < oo. 



Recall \X\,,r = / E lir'^Y^H. dvol^ 



i=0 



We define as generalization of I)^'^{M, g) the spaces I)^''^{{Mi, gi), (M2,g2)) 
and C^'P''iiM,,g,),{M2,g2)). Here / e ©^'•'-(Mi, M2) if / = expX o /. 

/ : Ml M2 an (r + l)-bibounded smooth diffeomorphism, X a smooth 

vector field along / with |X|p,,. small; / G C~'P'^(Mi, M2) if / = expX o /. 
/ G X°^'''~''^(Mi, M2) and X a smooth vector field along / with |X|p ,, small. 
Small means in all cases sup < rinj, which can be assured by a sufficiently 

X 

small Sobolev norm. 

Consider pairs (M", (Mg , 5(2) G D}V{mf, I , Bk) with the following pro- 
perty. 

There exist compact submanifolds C M", K2 C and an / G 
VP'^{M^\Ki, M^\K2). 
For such pairs define 

dZMff,rei{{Mi,gi), (M2, g2)) := inf { max{0, log + max{0, \og'\dh\} 

+ sup dist(a;, /i/x) + sup dist{y, fhy) 

+ l(/l Mi\Ki) 92 9l\Mi\Ki\g,p,r 

f G C°°'f''^(Mi, M2), /i G C°°'^''''(Mi, M2) 
and for some Ki C M holds 
/iMAi^i e T)P''{Mr \ Kr, f(Mi \ K^)) 



if {...} ^ 



and /i|/(Mi\Xi) = (/U^i\i^i 
and inf{...} < 00. In the other case set 



<':W/,reK(^l,5l),(^2,52)) = 00. 

Set 



{((Ml, ^0,(^^2,^2)) e (!m"(m/,/,i?fc))2 



Proposition 3.18 55 = {V5}5>o is a basis for a metrizable uni- 
form structure on ^^{mf.I.Bk)/^, where {Mi,gi) ~ {M2,g2) if 

dF£^aiff,reimi,9l),iM2,92)) = 0. □ 
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Denote the corresponding uniform structure with ^^^iffrei ^^'^ ^lifilffrei 
for dJl^lmf, I, Bk) endowed with this uniform structure. 

It follows again from the definition that d^£^^-jj ,^.^i{{Mi, gi), {M2, 02)) < 00 
implies dL{{Mi,gi), {M2,g2j) < 00. Hence {M2,g2) e comp^iMi, gi), i. e. 

{iM2,g2)eml%f^,,i I <;,,^^,,,,(Mi,M2)<oo}Ccomp^(Mi,^i)- 

For this reason we denote the left hand side {. . . } by comp^''^^yjy,g^(Mi, gi) = 
{...} = {...}n comp^(Mi, ^fi) keeping in mind that this is not an arc com- 
ponent but a subset (of manifolds) of a Lipschitz arc component, endowed 
with the induced topology. 

We extend all this to Riemannian vector bundles /i, V'^) — > {M"',g) 
of bounded geometry. First we have to define VP'^[E M). For this 
we consider the total space E as open Riemannian manifold of bounded 
geometry with respect to the Kaluza-Klein metric and restrict the uniform 
structure of [9] to bundle maps / = (/e,/m)- Quite similar we define for 
E, = {iE,,h,,V''') — ^ (Mf, i = 1,2, VP''{E,,E2) by corresponding 
bundle isomorphisms and V^^'^'^Ei, E2) as the smooth generating elements, 
i. e. / = (/e,/m) e 'DP''-{E^,E2) if and only if /e = exp^^X o e 

C°°''(Ei,E2) a diffeomorphism, /"^ e C°°'"(^i, ^2), X G QP{f*TE2), fs a 
bundle isomorphism, similarly for /m : Mi — > M2. Quite analogously to 

9Jl™(m/, /, Bk) above we denote the bundle isometry classes of Riemannian 
vector bundles iE,h,V) — > {M'\g) with (/), (Bkig)), (^^(V)) of rkN over 
n-manifolds by B^'''{I,Bk). Set for A; > r > ^ + 2, Ei = {{Ei,hi,V^') — > 
(Mf,^,))ei3^'"(/,i?fe),^ = l,2 

dY;aiff{Ei,E2) = inf{max{0,logV/s|} + niax{0,logV/^'l} + 
+ max{0, log V/m | } + max{0, log V/m I } + 

+ \9l - fM92\guP,r + 1^1 " /|:^2|gi,/ii,v''i,p,r + 
f^{fE,fM)eVP'^iEi,E2)} 

if {. . . } 7^ and inf {. . . } < oo. In the other case set d'^Ldiffi^i, -^2) = 00. 
Here we remark that ^\dfE\,^\dfE'^\,'^\dfM\,^\df^^\ < 00 automatically imply 
the quasi isometry of hi, f%h2 or gi, flfg2, respectively. A simple considera- 
tion and a variant of the proof of transitivity in 3.19 show that d{Ei, E2) = 
is an equivalence relation ~. Set ^Ldiffi-^^-^k) '■— ^^'"'{I,Bk)/ ~ and for 
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5>0 



Proposition 3.19 £ = {V5}5>o is a basis for a metrizable uniform structure 

p,r 

L,diff 



The proof is quite analogous to that of 5.16 in [6]. □ 
Denote B^;2^ff^,{I,B,) for the pair (B^'^J, S,),ilif,,^^) and B^;^^ff {I , B,) 
for the completion. 

The next task would be to prove the locally arcwise connectedness of B^'^i^J . 
If we restrict to {E^ h) — > (M", g), i. e. we forget the metric connection V'^, 
then the corresponding space is locally arcwise connected according to 5.19 
of [6]. Taking into account the metric connection V'*, the situation becomes 
much worse. Given (g, h, V'*), {g' , h! , V^') sufficiently neighbored, we have to 
prove that they could be connected by a (sufficiently short) arc {{gt- ht, V'**)}. 
Here V''* must be metric w. r. t. hf. We were not able to construct the arc 
{V'^*}* for given {ht}t- One could also try to set V* = (1 — t)V + tV and to 
construct ht from V* s. t. V* is metric w. r. t. ht- In local bases ei, . . . , e„, 
$1, . . . , $7V this would lead to the system 

V* ./it,a/3 = ^liaKiP + ^lipKc^i^ i = l,...,n,a,(3=l,...,N, 

where ht,af3 — ht{^a, ^p), V*$a = F^j^^-y. This is a system of n ^^^^'^^^ equa- 
tions for the ^^^^'^^^ components hap, i. e. it is overdetermined. With other 
words, we don't sec a comparatively simple and natural proof for locally arc- 
wise connectedness. B^'^-fJ (/, B^) is a complete metric space. Hence locally 
and locally arcwise connectedness coincide. But to prove locally connected- 
ness amounts very soon to similar questions just discussed. 

Consider for E = {{E, h, V'^) — > (M, g)) G B^'"(/, Bt) 

{E' e <S>T(^> B,) I di:,,ff{E, E') < oc}. (3.27) 

The set is open and contains the arccomponent of E. If B^'^ijfi.^^ ^k) would 
be locally arcwise connected = locally connected then we would have 

arccomp(E) = comp(^) = (3.27). (3.28) 



30 



If we endow the total spaces E with the Kaluza-Klein metric 

gsiX, Y) = h{X^ , Y^) + gM{T^*X, 7r*F), , Y^ vertical components, 

then (EjQe) becomes a Riemannian manifold of bounded geometry, hence a 
proper metric space. It follows from the definition that 

{E' e BS>y(/, B,) I d^£:,,ff{E, E') < 00} C comp^(£;). (3.29) 

(3.28), (3.29) and the foregoing considerations are for us motivation enough 
to define the generalized component gencomp(£^) by 

gencomp(i?) := {E' G <';,>7(/, B,) \ 4f,,^/i?, E') < 00}. (3.30) 

In particular gcncomp(£') is a subset of a Lipschitz component and is en- 
dowed with a well defined topology coming from 11^''^^^^. 

The final step in this section consists in the additional admission of com- 
pact topological perturbations. We consider pairs Ei — {{Ei,hi,V^^) — 
{MV-,gi)) e B^'''{I,Bk), i = 1,2, with the following property. There 
exist compact submanifolds C Aff and / = {fE,fM), f\Mi\Ki £ 
'DP''-+\Ei\m,\k^,E2\m2\K2) n C~''-+i(Ei, E2). For such pairs define 

d''£4iff,reiiEi,E2) = inf{max{0,logV/^;|} + max{0,logV/i^;|} + 

-Fmax{0, log''|d/M|} + max{0,log^|d/iM|} + 
+ supd{hEfEei,ei) + sup d{fEhEe2, 62) + 

ei 62 

+ snpd{hMfMXi,xi) +snpd{fMhMX2,X2) + 

+ |(/M|Mi\A'i)*fi'2 — gi\Mi\Ki\gi,p,r + 
+ \ifE\E\Mi\Kiyh2 - hi\Ei\Mi\Ki\g-i^^hi,V''i,p,r + 
+ |(/£;U|mi\A-i)*V''^ - '^^'\Ei\Mi\Ki\gi,hi,Vf'i,p,r 
I f={fEjM)eC^^^+\E,,E2), 

h={hE,hM)eC'^''{E,,E2)} 
bundle maps and for some Ki C Mi holds 
f\Ei\Mi\Ki ^ T^^'^'iEilMiXKi, E2\fi^(Mi\Ki)) and 
h\E2\f{Mi\Ki) = (/|e|mi\Ki)~^} (3.31) 

if {. . . } 7^ and inf{. . . } < 00. In the other case set d^Ldif f rei^Ei, E2) — 00. 
This definition seems to be quite lengthy but it is quite natural. It measures 
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outside a compact set the distinction of "shape" and the geometric objects 
in question. Set 



Proposition 3.20 £ = {V5}5>o is a basis for a metrizable uniform structure 
KdrfLrei ou B^^'^il, B,)/ ~ where E, ^ E, tf dY^arffU^i. ^2) =0. □ 

Denote B^'diffreii-^^^k) for the completed B^''^{I,Bk) endowed with this 
uniform structure. We have again that d^Ldif f reii^^i ^'^) ^ °° imphes 
(ii(i?i,i?2) < 00 (here we consider Ei,E2 as proper metric spaces). Hence 
E2 e comp^(£'i), i. e. 

{E2 e <'Sre;(A B,) I d^£:,,ffaEu E,) < 00} C compj£;0. (3.32) 

For this reason we denote again the left hand side {. . . } of (3.32) by 
gencomp^''^^jj^^g;(ii^i) keeping in mind that this is not an arc component but 
a subset of a Lipschitz component endowed with the induceed from iix' ^i// rei 
topology. 

In our later applications wc prove and thereafter tisc the trace class prop- 
erty of e^*^ — e^*^ . Here essentially enter estimates for D — D', coming 
from the explicit expression for D — D' . But in this expression only enter 
g,V ,-,g' ,V . This is the reason that we consider in some of our appli- 
cations smaller generalized components, which are in fact arc components. 
Exactly spoken, we restrict in some of our applications to those uniform 
structures and components where hi = f^h2, i. e. the fibre metric does 
not vary. Nevertheless, the generalized components play the more important 
role as appropriate equivalence classes in classification theory. We prove the 
trace class property of e~*^^ — e~*^' also for generalized components. 
Set now 

<',W/,f(^1' E2) = inf{max{0, log V/m|} + max{0, log V/m 1} + 

Idl — fM92\gi,p,r + | — /m V'^^ |gj^^^^v''l ,p,r- 

I f={fE,fM)eV^'''{Ei,E2), 

fE fibrewise an isometry } (3.33) 
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if {. . . } 7^ and mf{. . . } < oo. In the other case set d^£^'^,-jj p{Ei, E2) — 
00. d^L^^-jjr p{-, ■) = is an equivalence relation ~. Set B^'^j^j:^ p{1 , 3^) — 
~ and for (5 > 

Vs = m,E,) G I <W(i?i,i^2) < S}. 



Proposition 3.21 £, = {Vs}s>q is a basis for a metrizable uniform structure 

^L,diff,F- 

Denote B^'diffpi-^ ^ ^k) for the corresponding completion. 

Proposition 3.22 a) Bf^fflp{1, 3^) is locally arcwise connected. 
b) In B^'2iffp{I: -Bfe) coincide components with arccomponents. 

^I'diffA^^^k) ^Y,c^^PL4iff,FW "'^ topological sum. 
d) For E e 

compif,,,,,^(£;)={£;'eBj,7jXF(7,S,) I d^:,,,f,p{E,E') <oc}. 

Proof, of a) gt = {1- t)gi + t/Xf£/2, Vt = (1 - t)V^'^ + t/^V^^ yjdd an arc 
between Ei and /*£^2- Here we use hi = fph2 and that V'*^ V'*^ are metric. 

□ 



Quite analogously we define - based on /iileijv^,^^ ~ /eI^sU'Ij^^,,^^,) the uniform 
space B^'^-j'^p^^i{I,Bk) and its generalized components 

S^^<^omp^£:diff,F,reiiE)^{E' I d^j^^,,f^^p^^^^{E,E')<00}. 

Here d^^^^j ^ p ^^i{E ^ E') is defined as d^£^^-jj: p^^i^{-, ■) with the additional con- 
dition h\E\M\K = fE{h'\E'\M'\K'- ^L4iff,F,rei locally arcwisc connected. 
Now the classification of B^''^{I, Bk) amounts to two tasks. 

1. Classification (i. e. "counting") the (generalized) components 
gencomp(£') by invariants, 

2. Classification of the elements inside a component by invariants, where 
number valued invariants should be relative invariants. 



33 



Until now g, h, V'* could be fixed independently, keeping in mind that V'* 
should be a metric connection with respect to h. The situation rapidly 
changes if we restrict to Clifford bundles. The new ingredient is the Clif- 
ford multiplication ■ which relates g, h, V^. This will be studied in the next 
section. 

4 Uniform structures of Clifford bundles 

As we know from the definition, a Clifford bundle (E, h, V'*, •) — > (M", g) 
has as additional ingredient the module structure of E„,, over CLm{g) = 
CL(TmM, gm)- Change of g, g — > g', changes point by point the Clifford 
algebra, CL^ig) — ^ CL„j ((?'). Locally they are isomorphic since by radial 
parallel transport of orthonormal bases in a normal neighborhood U{mo) 
always 

CL(M,^)|c;(^„) ^ U{mo) X CL(M-) ^ U{mo) x CL(M, ^')lc/(mo)- (4-1) 

The same holds for bundles of Chfford modules if we fix the typical fibre, i. 
e. 

E\u = E'\u (4.2) 

but globally (4.2) in general does not hold although as vector bundles E and 
E' can be isomorphic. The point is the module structure which includes 
g (in CLm{g)) as operating algebra and • : T^M (g) E^ — > Em- There- 
fore we consider for a moment the following admitted deformations. Let 
{E,h,'V'^,-) — > {M'^^g) be a Clifford bundle of rkN . The vector bundle 
structure E — > M (of rkN) shall remain fixed. We admit variation of g, 
hence of CL(TM), variation of • e Hom (TM ® E,E), hence variation of 
the structure of E as bundle of Chfford modules, compatible variation of 
h, V^. Hom {TM ®E,E)^ T*M <^ E* E is for given g,hei Riemannian 
vector bundle. Including V'*, the notion of Sobolev sections is well defined. 
For fixed g, h, the space r(Mult, g, h, V^) of Clifford multiplications ■ is a 
well defined subspace of r(Hom (TM ^ E,E)) described invariantly by the 
conditions 

(X-$,^) = -(<I>,^-F), (4.3) 
Vx{Y-^) = (VxY) ■^ + Y -Vy^- (4.4) 
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We describe this space locally as follows. Let U{mQ) C M 
and ei(m), . . . , e„(m) be a field of orthonormal bases obtained from 
ei(mo), . . . , e„(mo) by radial parallel translation, similarly $i, . . . , $jv a field 
of orthonormal bases in E\u(^jnQ-j, obtained also by radial parallel translation. 
Then (4.3), (4.4) mean for the attachment ® $j — > ■ $j 

(ei-$j,$fc) = -{<t>j,ei-<t>k), 

i = l,...,n, j = l,...,N, (4.5) 

Ve,(ej • $fc) = (Ve,ej) ■ $fc + ei ■ Ve,.$fc, 

i,i = l,...,n, /c = l,...,iV. (4.6) 

AT 

If we write in the hnear space Hom [Tm^Ej^, E^^) 6,-$^ = o,ij^k then (4.5) 

k=l 

reduces to "^(^+^) independent linear equations between the a^j, a^^ = — a^. 
Hence the fibre Mult^(^, /i, V^) is an n • iV^ _ nN{N+i) ^ _ 
dimensional affine subspace at any point m. This establishes a locally trivial 
fibre bundle Mult(5r, h, V^). The charts for local trivialization arise from ra- 
dial parallel translation P of • from m to tuq since V_9 (-P(ei • $j) — (Pcj) • 
(P$^.) = 0. CLM(5(,/i, V'') C r(Mult(^,/i, V/j)) now are those sections of 
Mult ((?,/;,, V'^) which additionally satisfy (4.4) or (4.6). Consider the Rie- 
mannian vector bundle {H = Hom (TM ®E,E) = {T*M®E*®E,hn) — > 
{W.g)). Assume as always (M",c/) with (/), (5^), (E, /i, V'^) with (5^), 
A; > f + 2 and (tt : £; — > M) e C°°'''+\E, M). Then with respect to 
the Kaluza-Klein metrix gniX, Y) = hniX^ , Y^) + gMi^r^X, tt.Y), , Y^ 
vertical components, the total space of Ti becomes a Riemannian manifold 
satisfying (J), (-Bfc). The fibres Tim are totally geodesic submanifolds, more- 
over they are flat. The latter also holds for the affine flbres MultTO(5', h, V'^) 
of Mult(ci', h, V^). If • and •' are sections of Mult(g', h, V'*) satisfying (4.4), i. 
e. e CLM{g,h,V^) then 

{l-t)-+t-' eCLM{g,hy''), (4.7) 

Let A; > r > ^ + 2, 5 > 0. Set 

Vs = {(•, •') e CLM(^, h, V'^f I I • - |,,,,v^p,. < S}. 

Lemma 4.1 2 = {Vs}s>o is a basis for a metrizable uniform structure 
m{CLM{g,h,W'')). □ 
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Denote by CLM^'''(g', h, V^) the completion. 

Proposition 4.2 a) CLM^ ' ((7, /i, V^) is locally arcwise connected. 

b) In CLyF''^{g, h, V'*) coincide components and arc components. 

c) CLM^''^(^, /i, V'*) = J2compP'^{-i). 

d) compP'^(-) = {■' I I ' \g,h.y'\p,r < 00}. 

Proof. a) follows from (4.7), b) and c) follow from a), d) is a simple 
calculation. □ 



Remark 4.3 In the language of the intrinsic Riemannian geometry of 
Mult(5', h, V^) and of r(Mult(5', /i, V^)) we can rewrite | ■ — ■' \g,hsi'^,p,r < 5 as 
•' = expX o •, X e r(T(Mult(c/,/i, V''))), \X\g^h,sjh,p,r < Here lies in 
the affine subspace Mult^. □ 

Denote by CLi3^'"(J, Bk) the set of (Clifford isometry classes) of all Clifford 
bundles {E,h,V^,-) — > {M^,g) of (module) rank N over n-manifolds, all 
with (7) and {Bk). 

Lemma 4.4 Let = {{Ei, hi,V''% -i) {M^,gi)) G CL-B^'"(/, 5^), 

i ^ 1,2 and f ^ ifEju) e VP''+\Ei,E2) D C^'^+^E^^E^) he a vec- 
tor bundle isomorphism between bundles of Clifford modules, /^(X -i $) = 
(/m)*X -2 Thenf*E2 := ((£^1, /|;/i2, /|;V'^^ /|;-2) {Mi,f*Mg2)) G 
CLB^'^{I,Bk). 

Proof. The definitions of ^^112, /|;V^^, /m5'2 are clear, f^-2 is defined 
by X(/|;-2)$ = fE^{f*X -2 /b$). It is now an easy calculation that f*E2 G 
CLi3^'"(/,Bfc). □ 



Let A; > r > ^ + 2 and define for ^1, ^2 G CLB^'"(/, Bk 



-t- Z, rl.l H 1 ( mi I I It^ It }l |■J^ . I JO t— \ jl iLJ 

P 



d%^iff{E^,E2) = inf{max{0,logV/i^l} + max{0,logV/E'|} + 
max{ , log V/m I } + max{ , log ^ I df]^^ \ } + 

1 5^1 - fMg2\gi,p,r + \hl - /e^2 V*^! ,p,r + 

1^^^ ~ /£'^^^lgi,/ii,V'"l,p,r + I "1 ~/e '2 |gi,/ii,V''l,p,r 

I / = ifE, fn) G V''^\Ei, E2) is a (A; + 1) - bounded 
isomorphism of Clifford bundles} 
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if {. . . } 7^ and inf{. . . } < oo. In the other case set (F£^^-j^j^{Ei, E2) = 00. 
^^L^diff numerically not symmetric but nevertheless it defines a uniform 
structure which is by definition symmetric. Set for 6 > 

Vs = m,E,) e CLB^'-{I,B,)r} I d%a,niEi.E,) < 5}. 



Proposition 4.5 £, = {Vs}s>q is a basis for a metrizable uniform structure 
The proof is quite analogous to that of 5.16 in [6] using additionally 4.1. 

□ 

Denote CLB^^^iff^^il , Bk) for the pair {CLB^'''{I , Bk)MP''') and 
{I , Bk) for the completion. By the same motivation as above 
and at the end of section 3 we introduce again the generalized component 
gencomp(E) = gencomp^f,,^/(E, V^) — {M,g)) C ChB^^J {I , Bj^) 

by 

gencomp^,;,,,/i?) = {£;'eCL^S:,7(/,5,) | dY,,^^f{E,E') < (4.8) 

gencomp(i?) contains arccomp(£^) and is endowed with a Sobolev topology 
induced from U^^^^^f. 

The absolutely last step in our uniform structures approach is the addi- 
tional admission of compact topological pertulations. We proceed as in 

(3.31), i. e. wc assume additionally Ei = {{Ei,hi,V^\-i) — > {MJ^^gi)) G 
CLS^'"(/,5fc), add in (3.31) still \Ue\e\^^,,;)* -2 - -i W,,,,X^M,v-^,v,r 
and assume / = {fE,fM)\Mi\Ki, h = {hE, hM)\M2\K2=fMiMi\Ki) vec- 
tor bundle isomorphisms (not necessary Chfford isometric). Then we 
get (i^''^jjj^g;(£^i, £'2), define Vs, £ = {v5}5>0: obtain the metrizable 
uniform structure iX^''^-j^^g^(CLB^'"(/, S^)) and finally the completion 
CLB^;2iff,rei- We set again gencomp(£;) = gencompif,,^^_,,,(£;) = {E' e 
'diff,reii^y ^k)) \ d^L^if f,reiiE ^ "^0 < ^} which coutaius the arc compo- 
nent and inherits a Sobolev topology from ^Ydiffrei- 

As in section 3, we obtain by requiring additionally hi = /^/?.2 or 
^iUiImi\ki = fEih2\E2\M,\K2) local distances dY^'^.jjp{-,-) or dY^'^-^^p^^^ii-, ■) 
and corresponding uniform spaces CLi3£^ '^^'Jj_^(/, Bk) or CLi3^ '^^jj^^y,g^ 
respectively. We obtain generalized components 

gencomp^'"^._^^^^(E) (4.9) 
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and 



gencomp^f,^_^^,,,^,(^) (4.10) 

as before. One of our main technical results will be that E and E' in the 
same generalized component (4.10) or (4.11) respectively implies that after 
transforming e~*^' into the Hilbert space L2{{M, E), g, h), e"*^^ — e~*-^' 
and e-*^^D - e"*^ L>' are of trace class and their trace norm is uniformly 
bounded on compact t-Intervalls [ao,ai], Oo > 0. For our later applica- 
tions the components (4.9), (4.10) arc most important, excluded one case, 
the case = A{g), D'^ = V{g'). In this case variation of g automati- 
cally induces variation of the fibre metric and we have to consider (4.8) and 
gencomp^''"^.^_^_^^;(E). 

5 General heat kernel estimates 

We collect some standard facts concerning the heat kernel of e"*-^^. The best 
references for this are [3] , [4] . 

+ 0O 

We consider the self-adjoint closure of D in L2{E) = H^{E), D = J XEx- 

— oo 

Lemma 5.1 {e**'^}tgR, defines a unitary group on the spaces H''{E), for 
< h < r holds 

|L'V*^*|l, • \e''^D^^\L^ = ID^^^Il^. (5.1) 

□ 

We can extend this action to H~'^{E) by means of duahty. 

Lemma 5.2 e"*^" maps L2{E) = H°{E) H''{E) for any r > and 

\e-'^^\L^^Hr <C -t-i, ie]0,oo[, C = C(r). (5.2) 

Proof. Insert into e~*^^ = J e~^^^ dEx the equation 

+ CXD 

e-*^' = [ e^'^e-i ds 

Vivrt J 

— oo 
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and use 

sup|A"e-*^'| < C-ri 

□ 

Corollary 5.3 Let r,s e Z be arbitrary. Then e"*^' : H'{E) 
continuously. 

Proof. This follows from 5.2., duality and the semi group property of 

{e-*^^},>o. □ 

e-*^' has a Schwartz kernel W e r(R x M x M.E^E), 

W{t,m,p) = ((5(m),e-*^'(5(p)), 

where 5{m) e H-'-{E) ® Em is the map * e H'-{E) {S{m),^) = *(m), 
r > |. The main result of this section is the fact that for t > 0,W{t,m,p) 
is a smooth integral kernel in L2 with good decay properties if we assume 

bounded geometry. 

Denote by C(m) the best local Sobolev constant of the map ^' — \l'(m), r > 
|, and by cr(D^) the spectrum. 

Lemma 5.4 a) W(t,m,p) is for t > smooth in all Variables. 

b) For any T > and sufficiently small e > there exists C > such that 

\W{t,m,p)\ < e-(*-^)i°f^(o') . C ■ C{m) ■ C{p) for all t e]T,oo[. (5.3) 

c) Similar estimates hold for {Dl^DjjW){t,m,p). 
Proof. 

a) First one shows W is continuous, which follows from {S{m), ■) continuous 
in m and e~*^ S{p) continuous in t and p. Then one applies elliptic regularity. 

b) Write 

|(5(m),e-*^'5(p))| = \{{l + DY^5{m),{l + D^ye-'''\l + D^)^5{p))\ 

c) Follows similar as b. □ 
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Lemma 5.5 For any e > 0,T > 0,5 > there exists C > such that for 
r > 0,m e M,T > t > holds 



I 



\W{t,m,p)\'^ dp<C ■C{m)-e (5.4) 

M\Br{m.) 

A similar estimate holds for Dl^Dj^W{t, m,p). 

We refer to [3] for the proof. □ 

Lemma 5.6 For any e > 0,T > 0,6 > there exists C > such that for all 
m,p & M with dist{m,p) > 2s,T > t > holds 

\W{t,m,p)\^ < C ■ C{m) ■ C{p) ■ e' (^W* — . (5.5) 
A similar estimate holds for Dl^DjjW{t,m,p). 

We refer to [3] for the proof. □ 

Proposition 5.7 Assume {M"-,g) with (I) and (Bk), (-EjV) with (Bk), 
/c > r > I + 1. Then all estimates in 5.4, 5.5, 5.6 hold with uniform 
constants. 

Proof. ^From the assumptions H^{E) = W^{E) and sup^ C(m) = C ~ 
global Sobolev constant for W'^{E), according to 2.13. □ 



Let [/ C M be precompact, open, {M'^,g'^) closed with U C M+ isomet- 
rically and E'^ M+ a Clifford bundle with E'^\u = E\u isometrically. 
Denote by W'^{t,m,p) the heat kernel of e~*-^^ . 

Lemma 5.8 Assume s > 0,T > 0,6 > 0. Then there exists C > such that 
for allT > t > 0,m,p e U with B2e{m), B2e{p) C U holds 

\W{t,m,p) -W^{t,m,p)\<C ■ e~^^ (5.6) 

We refer to [3] for the simple proof. □ 

Corollary 5.9 trW{t,m,m) has fort 0"*" the same asymptotic expansion 
as for trW^{t,m,m). □ 
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6 Trace class property under variation of the 
Clifford connection 



Our procedure in the next sections is as follows. We admit step by step 
larger perturbations of a given Clifford structure ((i?, /i, V^) — > {M"',g)) 
where the perturbations E' = [[E'^h'^V^) — > {M'"',g')) are elements of 
gencomp(£'). Fixing gencomp(£') has the consequence that we start with 
{E,h,V^) — > {M'',g), fix the vector bundle E — > M and admit step 
by step perturbation of V'^, then simultaneously of g, h, V'*, ■ and finally 
compact topological perturbations. The reason for this is that if we have 
/ = UeJu) : {{E,KV') {M\g)) {{E'^h'^V^') {M\g')) 
which is a vector bundle isomorphism (not necessarily an isometry) then we 

can write f : E — > E' as f : E — > f*E' E' where i is a Clifford 
isometry, i. e. the interesting perturbation takes place from E to /*£". 

In this section we start with the simplest case, perturbation of the metric 
Clifford connection V = V'', V — ^ V, V - V G VL^^p^'\&^). This case has 
model character for the other cases and for this reason we present carefully 
the sometimes very complicated estimates. 

We come now to the first main result of this paper. 

Theorem 6.1 Assume {E,V) {M",g), {M'^,g) with (I) and (Bk) {E,V) 
with (Bk), k > r > n + 2,n > 2, V e comp(V) n (7^(5^) C C^/{Bk), 
D = D{g, V),D' = D'{g, V) generalized Dirac operators. Then 

is for t > a trace class operator and its trace norm ist uniformly bounded 
on compact t-intervalls [gq, ai], gq > 0. 

Remark 6.2 The condition V G comp(V) H CE(5fc) C C]f{Bk), i. c. V G 
comp(V) and additionally V' smooth and satisfying {Bk) can be weakened 
to V G comp(V) C C\[{Bk). The main reason for this is that we can 
write V' = V[, + (V - V(,), V[, G CE{Bk), |V' - V(j|i,r,v < £■ Then one 
can reestablish the whole Sobolev theory etc. extensively using the module 
structure theorem. 
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We refer to the forthcomming paper [14]. □ 
The proof of theorem 6.1 will occupy the remaining part of this section. We 
always assume the assumptions of 6.1. According to 3.13, 



Lemma 6.3 Assume t>Q. Then 

t 



= j e-'''\D" - D2)e-(*-^)^" ds. (6.1) 



Proof. (6.1) means at heat kernel level 



t 



W{t, m,p) - W'{t, m,p)^- J J {W{s, m, q), (£>' - D'^)W'{t - s, q,p)\ dq ds, 

(6.2) 



M 



where (, )g means the fibrewisc scalar product at q and dq — dvolq(g). Hence 
for (6.1) we have to prove (6.2). (6.2) is an immediate consequence of 
Duhamel's principle. Only for completeness, wc present the proof of (6.2), 
which is the last of the following 7 facts and implications. 

1. For t > is W{t,m,p) e L2{M, E,dp) nVj) 

2. If * e Vl then J(D'^^, *) - ($, D^^) dvol = (Greens formula). 

3. {{D' + ^)$(r, gMt - r, q)\ - ($(r, g), {D^ + |)*(t - r, q)\ = 
= {D\^{t, q), ^{t - T, q)), - ($(t, q), D'^{t - r, q)\ + |:($(r, g), 
nt-r,q)),. 

4. IHiD' + ipMr, q), *(i-r, g)),-($(r, q), (i^H|)*(t-r, q)), dq dr = 

a M 

= /[($(/?, g), ^{t - 13, q), - ($(a, g), ^{t - a, g)),] dq. 

M 

5. $(i, g) = iy(i, m, g), *(i, q) = iy'(i, g,p) yields 
- j j{W{T, m, g), (1^2 + d_^w\t - r, g,p) dq dr = 
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= J[{W{P, m, q), W'{t - P, q,p)), - {W{a, m, q), W'{t - a, q,p)),] dq . 

M 

6. Performing a ^ 0~^, ^ ^ t~ in 5. yields 

-f f{W{s,m,q),{D' + -li)W'{t-s,q,p)), dq ds ^W{t,m,p)-W'{t,m,p). 

M 

7. Finally, using + | = - D'^ + D'^ + | and {D'^ + = we 
obtain 

t 

W{t,m,p)-W'{t,m,p) ^ - J J {W{s,m,q), {D^-D'^)W'{t-s,q,p))q dq ds 

M 

which is (6.2). 

If we write - D'^ = D{D - D') + {D - D')D' then 

t 



— e 







t 

-J e-'^" D{D - D')e-^'-'^'''"^ ds 



t 

-J e-^^'p - L>')£>'e-(*-^)-°") ds 



t 

y"e-^'i^77e-(*-)^") ds 



t 

+ J e-^^'77D'e-(*-^)^") ds, 



where rj — rj"^ in the sense of section 3, rj'^{^)\x — J2 ^iVeii^) and \rj'^\op,x < 



=1 

t 



C ■ \r]\xi C independent of x. We split J — J + J, 



1 

2 



2 
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+ 



-{t-s)D'^ 



ds 



t 

t 
1 



+ 



rjD'e 



-{t-s)D 



l2 



ds. 



We want to show that each integral (Ii) — (I4) is a product of Hilbert-Schmidt 
operators and to estimate their Hilbert-Schmidt norm. Consider the inte- 
grand of (I4), 

(e-^^'r/)(D'e-(*-^)^"). (6.3) 

According to 5.2, 

|e-(*-^)^"lMi < C-(t-s)-^ (6.4) 

< C-(t-s)-i (6.5) 

Write 

(e-^^'r7)(D'e-(*-^)^") = (e't ^V)(/"'e-^^'r;)(i^'e-(*-^)^"). (6.6) 

Here / shall be a scalar function which acts by multiplikation. (6.5) estimates 
the right hand factor in (6.6). The main point is the right choice of /. e~2^ f 
has the integral kernel 

W{^,m,p)f{p) (6.7) 
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and / ^^^rj has the kernel 

f~\m)W{-,m,p)r]{p). (6.8) 

We have to make a choice such that (6.7), (6.8) are square integrable over 
M xm and that their L2-norm is on compact ^-intervals uniformly bounded. 

We decompose the L2-norm of (6.7) as 

11 \W{^,m,p)\^\fim)\^ dmdp^ (6.9) 

M M 

J J \wC-,m,p)\^\f{m)\^ dpdm^ (6.10) 

M dist(m,p)>c 

j j \wC-,m,p)\''\f{m)\^ dpdm (6.11) 

M dist{m,p)<c 

We obtain from 5.4 for s e]|, t[ 

(6.11) < J Ci\f{m)\\olBc{m) dm < C2 J |/(m)|^ dm 

M M 

and from 5.5. 

J J \W{^,m,p)\''\f{m)\'' dpdm< j C^e-=^^f{m)\^ dm < 

M dist{m,p)>c M 



<C3-e ^+^^ j \f{m)Y dm, c> e. (6.12) 

M 

Hence the estimate of J J \ W {^,m,p)\'^\f {m)\'^dpdm for s G is done if 

j |/(m)p dm < 00 



MM 



M 



and then |e f\2 < d - |/|l2! where, according to 5.4, C4 = C^lt) contains 
a factor e~"*, a > 0, if inf ^(D^) > 0. 
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For (6.8) we have to estimate 

/ J\f{m)\-'\{W{'^,m,p),ri"P{py),\'dpdm (6.13) 



M M 



Wc recall a simple fact about Hilbert spaces. Let X be a Hilbert space, 
X & X,x ^ 0. Then = sup \ {x, y)\, 



|2/I=l 



\X 



2 _ 

\y\ 



(sup|(a;,y)|)'. (6.14) 



This follows from \{x,y)\ < \x\ ■ \y\ and equality for 1/ = |f|- We apply 
this to ^ ^ M, X = L2{M,E,dp), x = x{m) = W{t,m,p),r]°P{p)-)p = 
W{t,m,p) o rj°^{p) and have to estimate 

sup N{^)^ sup \{5{m),e-^^\°P^)\L^ (6.15) 

According to 5.4, 5.5 and 5.7 

W(t,m,-)ei/i(E), |W(t,m,-)|^5 <C5(i)- (6.16) 

Hence we have can restrict in (6.15) to 

sup A^($) (6.17) 
* e C^{E) 

l*|l,2 =1 

In the sequel we estimate (6.17). For doing this, we recall some simple facts 
concerning the wave equation 

—J- = iDf^s, $0 = $ $ C with compact support. (6.18) 

OS 

It is well known that (6.18) has a unique solution $s which ist given by 

= e^"^$ (6.19) 

and 

supp $s C ?7|5| (supp $) (6.20) 
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U\s\ — \s\ - neighborhood. Moreover, 



\^S\L2 \^\L21 \^s\jj^ I 



(6.21) 



We fix a uniformly locally finite cover U = {Ui,}i, = {Bd{xiy)}u by normal 
charts of radius d < rinj{M,g) and associated decomposition of unity {(pu}i^ 
satisfying 



I < C for all i/, 0<i<k + 2 



(6.22) 



Write 



N{^) = |(5(m),e-*^ ?7°f$)| 

+00 

1 



((5(m), / e^e**^(7?°^'*) ds) 
+0 

J e^(e^*^7/°P$)(m) 



L2(dp) 



+00 

1 /■ ~2 



L2((ip) 



We decompose 



(6.24) is a locally finite sum, (6.18) linear. Hence 

V 

Denote as above 

I = I 

in particular 

I ki = I |w2.i ~ I i<k. 
Then we obtain from (6.21), (6.22), (2.1) 



(6.23) 



(6.24) 



(6.25) 



(6.26) 
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< C,\r)'^<^\2L,u. < Cs\v\2r,u. < C,\v\i,r-i,u. (6.27) 

since r-l-f>|-f,r-l>|,2>iforr>n + 2and |$|^5 < C5. This 
yields together with (2.3) the estimate 

\(v"'^)s(m)\ < Cio- Yl I(<^^^°^^)^l2,5 < 

m G UsiUu) 

< Cii- ^ \r]\l,r-l,U. < C12 ■ \v\l,r-l,B2d+isl{m) = 

= ^12 • -o^(52.-HN(m)) • (^;^^^;^^ ■ l^k.-i,B.,,HM) ■ 

(6.28) 

There exist constants A and B, independent of m s. t. 

vol{B2d+\s\{m)) < A ■ e^'^^K 

Write 

e-^ • vol{B2a+is\{m)) < C,, ■ e"!^^, C,, = A- e'^^"\ (6.29) 
thus obtaining 

00 

Nm < C,.Je-^i ( „„,g^^^ • l-,l.,-.,B.,.„™,) rf^. 



Ci4 = C12 • Ci3 = C12 • ^ • e^*^^ *. 
Now we apply Lemma 2.7 with R = 3d + s and infer 

< |77|i,,_i + C(3d + s)-(2d + s)|V77|i,,_i < 

< \rj\,,r-i + C{3d + s)-{2d + s)\rj\,,r-i- (6.30) 
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C{3d + s) depends on 3d + s at most linearly exponentielly, i. e. 

C{3d + s) ■ {2d + s) < Aie^'\ 

This implies 



oo 



M 

oo 

< = J e-^oi{\rj\^^^_^ + C{3d + s)-{2d + s)\r)\i,r-i) ds 



oo 

< J e-Tbi ds(|ry|i,,_i + Aie^°-^i*|77|i,, 



^^(I^|i,r-i + ^ie^°^i*|r7|i,^) < oo. 



The function 1R+ x M 



is measurable, nonnegative, the integrals (6.30), (6.31) exist, hence according 
to the principle of Tonelli, this function is 1-summable, the Fubini theorem 
is applicable and 

oo 

is (for 77 ^ 0) everywhere ^ and i-summable. We proved 

J \{W{t,m,p),7]"P-)p\^ < fi{mf. (6.32) 

Now we set 

/(m) = {f}{m))^ (6.33) 



49 



and infer /(m) 7^ everywhere, / G L2 and 



< 



/ 1 f{m)-'\{{wC-,m,p),7^"np\' dpdm 

M 

— — rfjirnf' dm = [ fj(m) dm 
fj{m) J 



M M 



1. e. 



Here according to the term Aie^^^^^, C15 stiU depends on s. 



(6.34) 
(6.35) 



We obtain 



= C,,■V^■e''^"'\r|\^,r. 



(6.36) 



This yields e o 77 is of trace class, 



e~^^^ o rj o D' o e-{*-s)-D' jg Qf trace class, 



(6.37) 



\op 



^/t — s 



, (6.38) 



t 



i 
2 



t-s 



ds, 



(6.39) 
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t 

2 



^ 2s t 

ds — \\/s(t — s) + - arcsin 1* 

t-sj ^ ^ 2 t ^2 



t t n t .n . 



2, .71 . t 

(2-1)- 2^1,^ 



(6.40) 



Here Cn = Cn(t) and Ci7(t) can grow exponentially in t if the volume grows 
exponentially. (6.40) expresses the fact that (I4) is of trace class and its trace 
norm is uniformly bounded on any i-intervall [oq, ai], qq > 0. The treatment 
of (Ii) — (I3) is quite parallel to that of (I4). Write the integrand of (I3), (I2) 
or (Ii) as 



(De-i^')[(e-f^V)(r'e-t^'r])]e-(*-^)^" 



(6.41) 



or 

(e-^"^)[(r?e-^-'V-^)(/e-^-'^)]i^'e-^-'^ (6.42) 



or 

(e--^D)[(,e-^-'V-^)(/e-^-'^)], (6.43) 

respectively. Then in the considered intervals the expression [. . . ] are of trace 
class which can literally be proved as for (I4). The main point in (I4) was 
the estimate of f''^e~'^^ rj. In (6.42), (6.43) we have to estimate expressions 
rje"'^^' f"^. Here we use the fact that r) — 77°^ is symmetric with respect to 
the fibre metric h: the endomorphism is skew symmetric as the Clifford 
multiplication e.j- which yields together that 77°^ is symmetric. Then the L2- 
estimate of [1]°^ -W'^r, m,p), •) is the same as that of W'{t, m,p),r]°P{p)-) and 
we can perform the same procedure as that starting with (6.12). The only 
distinction are other constants. Here essentially enters the equivalence of 
the D- and D'-Sobolev spaces i. e. the symmetry of our uniform structure. 
The factors outside [. . . ] produce ^ on y= and on [0, |] (up to 

constants). Hence (Ii) — (I3) are of trace class with uniformly bounded trace 
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norm on any i-intervall [ao,ai], Oq > 0. This finishes the proof of theorem 
6.1. □ 



For our later apphcations we need still the trace class property of 

e-t^'D - e-'^'^D'. (6.44) 

Consider the decomposition 

e-*^^D-e-*^"L»' = e-t^'L>(e-t^' - e-f (6.45) 
+ (e-t^'L>-e-t^"L'')e"^''"- (6.46) 

According to 6.1, e^^'^^ — e^^-^' is for t > of trace class. Moreover, 
e~2^^ D = De~2^^ is for t > bounded, its operator norm is < Hence 
their product is for t > of trace class and has bounded trace norm for 
t e [ao,ai], ttQ > 0. (6.45) is done. We can write (6.46) as 

(e-I^^D _ e-^^"i?')e-^^" = [e-t^'(D - D') + (e"^''' - e'^^'V'] • e't^" 

t 

2 



t 

2 

+ J e-^^'r^D'e-^^-*)^" cis](D'e-5^"). (6.47) 



Now 

[e-l^'rj] ■ e--2^'" = [(e"^^'/)!/" V^^'r/)]e-^^". (6.48) 

(6.48) is of trace class and its trace norm is uniformly bounded on any [qq, Qi] , 

ill 

2 4 2 

qq > 0, according the proof of 6.1. If we decompose / = / + / then we obtain 

i 

4 

back from the integrals in (6.47) the integrals (Ji) — (74), replacing t — > |. 

These are done. D'e~^^' generates C j^/t in the estimate of the trace norm. 
Hence we proved 
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Theorem 6.4 Assume V) — > {M'',g) with (J), (Bk), {E,V) with {Bk), 
k>r>n + 2,n>2,Ve comp(V) n CEiB^) C C^/{Bk), D = D{g,V), 
D' — D{g, V') generalized Dirac operators. Then 



and 

L,e-*^^ - D'e 



are trace class operators for t > and their trace norm is uniformly bounded 
on compact t-intervalls [aQ,ai], Gq > 0. □ 

7 Trace class property for variation of the 
Clifford structure 

Our intention is to admit much more general perturbations than those of 
V = V'' only. Nevertheless, the discussion of more general perturbations 
is modelled by the case of V-perturbation. In this section, we admit per- 
turbations of g,'V'^, •, fixing h, the topology and vector bundle structure of 
E — )• M. The main result of this section shall be formulated as follows. 

Theorem 7.1 Let E = {E,h,V = V^, ■) — > {M'',g) be a Clifford 
bundle with {!), {Bk{M,g)), {Bk{E,V)), k>r + l>n + 3, E'^ 
{E,h,V = V'^•') {M-,g') e gencompif+;^^^(£;)nCLB^'"(7,5fe), 

D = D{g, /i, V = V'', D' = D{g', h, V = V'', •') the associated generalized 
Dirac operators. Then for t > 

is of trace class and the trace norm is uniformly bounded on compact t- 
intervalls [ao,ai], Qq > 0. 

Here D% is the unitary transformation of D'^ to L2 — L2{{M, E), g,h). 
7.1. needs some explanations. D acts in L2 — L2{{M,E),g,h), D' in L'^ — 
L2{{M , E) , g' , h) . L2 and L'2 are quasi isometric Hilbert spaces. As vector 
spaces they coincide, their scalar products can be quite different but must 
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be mutually bounded at the diagonal after multiplication by constants. D is 
self adjoint on in L2, D' is self adjoint on in L'2 but not necessarily 
in L2. Hence e^*^' and e~*^^ — e~*^' are not defined in L2. One has to 
graft or D'^ . Write dvolq{g) = dq{g) = a{q) ■ dq{g') = dvolq{g'). Then 

< ci < a{q) < C2, a, are {g, V^) — and {g', V^') — bounded 
up to order 3, \a - \oi - l|g',i,r-+i < 00, (7.2) 

since g' G com'p^'^^^(g). Define U : L2 — > L2, = q;5$. Then U is a 
unitary equivalence between L2 and L2, U* — U~^. D'j^^ :— U*D'U acts in 
L2, is self adjoint on U~^(V£)>), since C/ is a unitary equivalence. The same 
holds for D'l^ = U*D'^U = {U*D'Uf. It follows from the definition of the 
spectral measure, the spectral integral and the spectral representations D'^ = 
JX^ dE'^, e-*^" = /e-*^' dE'^ that D% = U*D'^U = U* J dE'^U = 
/A^ d{U*E'^U) and 

^-tD% ^ J g-u2 di^u*E'^u^ = [/*( j e-*^' dE'^)U = C/*e-*^"c/. (7.3) 

In (7.1) e-*-°''2 means e^^^''^ = e-*^^*^'^)' = C/*e-*^"c/. We obtain from 
(/' G compi'''+i(^), V'' G comp^'^+^(V''c/), G compi'''+^(-), D - a'^D'a^ = 
D-D' - 31^^ and (7.2) the following lemma 

Lemma 7.2 W^^\E,g,h,V^) = W^'\E, g' , h,V'') as equivalent Banach 
spaces, 0<i<r + l. □ 



Corollary 7.3 W^''{E, g, h,V'') = W^''{E, g' , h,V'') as equivalent HilbeH 
spaces, < j < ^ . □ 



Corollary 7.4 H\E, D) ^ WK{E, D'), < j < □ 
7.2 has a parallel version for the endomorphism bundle Endi?. 

Lemma 7.5 n^'^^'(EndE, g, h, V^) ^ n^^^''(EndE, g', h, V'^) < i < r + 1. 

□ 
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□ 



Lemma 7.6 n^''^'^{EndE, g, h, V^) ^ Q^''^'^ {EndE, g', h, V'^) < j < 

e ^2 : L2 — > L2 has evidently the heat kernel 

W'j;^^{t,m,p) — {m)W' {t, m, p)a^ (p) 



-tD- 



W' = Wl'^. Our next task is to obtain an exphcit expression for e 

e ^2 . For this we apply again Duhamel's principle. The steps 1. - 4. in the 
proof of 6.3. remain. Then we set q) — W{t, m, q), '^{t, q) — W[^{t, m, q) 
and obtain 

-J J hg{W{T,m,q),{D' + ^)Wi^{t-T,q,p)) dq{g) dr ^ 

a M 

= J[h,{W{P,m,q),Wi^{t - P,q,p) - h,{W{a,m,q),Wi^{t - a,q,p)] dq{g). 

M 

Performing a — > O"*",/? — > t and using dq{g) — oi{q)dq{g') yields 
t 

-J J h,{W{s,m,q),{D' + -^^)W'{t-s,q,p)) dq{g) ds ^ 

M 

t 

= - J J[h,{W{s,m,q),{D' - D'l^)Wi^{t- s,q,p) dq{g) ds 

M 

= W{t,m,p)a{p) - W'L,{t,m,p). (7.4) 

(7.4) expresses the operator equation 

t 

e-tD\_^~tD% ^ - J e-^'^'iD' - D'l^)e-^'-^^^'"-^ ds. 



e-*^^a;-e-*^''2 = e-*^'(a - 1) + e"*^' - e-*^''2, hence 

t 

e-*^' - e-*^'^2 = -e-*^'(a - 1) - / e-^^'(L'^ - D'lje-^'-^^^% ds. 



(7.5) 



55 



As we mentioned in (7.2), («-!) = ^ - 1 = - 1 e QO'i-^'+i since 

g e compi'^+i(^). We write e'^^^a - 1) = {e'l^' f){f-^e--2^\a - 1)), 
determine / as in section 6 from t/q = a — 1 and obtain e~*^ (a — 1) is 
of trace class with trace norm uniformly bounded on any t-interval [ao,ai], 
ao > 0. Decompose - D% = D{D - D^J + {D - D^JD'^,^. We need 
explicit analytic expressions for this. D{D — D'j^/) = D{D — a^^D'a^) = 
D{D - D') - D^^, {D - D'^JD'^^ = {{D - D') - ^^)a-'^D'a^. If 
we set again D — D' — —r) then we have to consider as in section 6 with 
= where grad ' = grad 

t 

2 



t 



t 

J e-'^"D{r) 
t 

2 

t 

2 

It follows immediately from g' e comp^'''"'"^ ((;) that the vector field " G 
Vt^'^''^(TM). If we write rj'^ = — ^'^^^ then rj^ is a zero order operator, 
Ir^olr < oo and we literally repeat the procedure for (Ji) — in section 
6, inserting 770 — — ^^^^ for 77 there. Hence there remains to discuss the 
integrals 

t 



t 

J e-^^'r^L'^^e-^*-*)^'^^ ds. (7.6) 




_^rad^ 

2a ' 

^)D',^e-^^-^-% ds. 
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The first main step is to insert explicit expressions for D — D' . Let itlq G M, 
U = U (mo) a manifold and bundle coordinate neighborhood with coordinates 
x^, . . . , and local bundle basis $i, — > E\u. Setting V _a_^a = 

V.$« = rf,$^, = dx^ ® ri^f3, we can write = rf^^'^^af^ • ^/3, 

D'^^ = T'^^g''''^ .' or for a local section $ 

= ^^'9^ • V.*, i^'$ = /^^-'V:$. (7.7) 

This yields 



i. 6. we can write 



- ')V'J*, (7.8) 





-{D- 




where locally 

























(7.9) 



V,$, (7.10) 



dx'' 

^ ' -•OV:^. (7.12) 



dx'' 

Here (5''*'^) = {g'.ji)~^- We simply write r]^, instead 77°^, hence 



(7.6) = J e-''''D{r)i + r)2 + V3)e-'^'~'^''"'^^ ds + (7.13) 


+ y e-^^'(r/i + r/2 + 7j^)D'^^e-^'-'^''% ds. (7.14) 
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We have to estimate 

t 

j e-^^'L>77,e-(*-^)^''2 ds (7.15) 



and 

t 

j e-^^'rjML.e-^'-'^'''-^ ds. (7.16) 





Decompose / = / + / which yields 

0* 

2 

2 

J e-^^Dr;.e-(*-)^"-. ds, (/.,i) 





1 

2 





1 e-^^i?77.e-(*-)^". ds, (/.,3) 

2 



t 

2 

(/j^,i) — (/j/,4) look as (Ji) — (74) in section 6. But in distinction to section 6, 
not all Tji, — vff are operators of order zero. Only 772 is a zero order operator, 
generated by an Endi? valued 1-form 772. 771 and 773 are first order operators. 
We start with u — 2, r)2 ■ \ f]2\i,r < 00 is a consequence of E' e coiap]^^^lJE) 
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and wc arc from an analj^ical point of view exactly in the situation of section 
6- (-^2,1) — (-^2,4) can be estimated quite parallel to (/i) — in section 6 and 
we are done. There remains to estimate (Ii/j), 7^ 2, j = 1, . . . , 4. We start 
with u = 1, j = 3 and write 

e-^'L'Tyie-^*-)^" = {De-'^^'){e-i^' ■ /)(/-ie-t^'77i)(e-(*-^)^'Y (7.17) 

De~i^^ and e"*^*"*)-^' are bounded in [|, t\ and we perform their estimate as 
in section 6. e^i^^ ■ f is Hilbert-Schmidt if / G L2. There remains to show 
that for appropriate / 

is Hilbert-Schmidt. Recall r+1 > n + 3, n > 2, which implies | > f + 1, 
r — 1 — n>| — |,r — 1>|, 2>i, i. e. 2.4, 2.5 are available. If we write 
in the sequel pointwise or Sobolev norms we should always write I'^lg'Xm', 



I* 



H''{E,D'), 



1^ 



g',h,V',2,^: \9-9 \g'.. 



, \g — g'\g',i,r etc. or the same with respect 
to g, h, V, D, depending on the situation. But we often omit the reference to 
g', h, V, DjUi, g,h . . . in the notation. The justification for doing this in the 
Sobolev case is the symmetry of our uniform structure. 

Now 



(r7i$)(m) 



ik 



/ik\ 



9 



d_ 



(7.18) 



|^l*|m = \r]\^g,h,m 

< C,-\g-g' 



g,m 



d 



dx^ 



Eiv.*iL 



, i=l 



2 

To estimate X] | gfif | ^ more concretely we assume that x^, . . . , are nor- 



fe=i 



mal coordinates with respect to g, i. e. we assume a (uniformly locally finite) 
cover of M by normal charts of fixed radius < rinj{M,g). Then l^f^l^^ = 
9 (af^' -&^) = 9kk{m), and there is a constant C2 = C2{R,rinj{M, g)) s. t. 



i=l 



< C2. Using finally |Vx$| < |^| • |V$|, we obtain 

\m^\m<C-\g-g'\g-\V^\h,m- (7.19) 
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(7.19) extends by the Leibniz rule to higher derivatives [V'^r^i^lm, where the 
polynomials on the right hand side are integrable by the module structure 
theorem (this is just the content of this theorem). (7.18), (7.19) also hold 
(with other constants) if we perform some of the replacements g — > g', 
V — V: We remark that the expressions D{g, h, V'*, •, D{g' , h, V^, ■) are 
invariantly defined, hence 

[D{g, h, V\ •) - D{g, h, V^ •)]($|t/) = {{g'' - /')5.) • V,($|t;). (7.20) 
We have to estimate the kernel of 

h,iWit,m,p),vr-) (7.21) 

in L2{{M , E) , g , h) and to show that this represents the product of two 
Hilbert-Schmidt operators in L2 = L2{{M, E), g, h). We cannot immedi- 
ately apply the procedure starting with (6.27), (6.28) since r)1^ is not of zero 
order but we would be done if we could write (7.21) as 

{vZiPWit,m,pW^,-), (7.22) 

rii\ of first order, r]°^Q of zeroth order. Then we would replace in (6.23), . . . , 
W by r]^i(p)W(t, m,p), apply ^>r + l>n + 3, 5.4, 5.5, 5.7 and obtain 

rj^,W{t,mr)eHi{E), \W{t,m, -^^^ < C{t) (7.23) 

and would then hterally proceed as in (6.27) - (6.40). 
Let $ e C^(U). Then 

J {W{t,m,p),riT{p)^ip))p dvol,{g) = 
j {{{g^' - g"')dk) ■ ViW, $)p dvol,{g) - 

- j {W, {V,{g^ - g'''')dk) ■ $) dvolM = 

- j (Viiy, {g'^ - g'"')dk ■ $)p dvolpig) - 

- J (W, {Vi{{g'' - g"')d,)) ■ $)p dvol,{g). 
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This can easily be globalized by introducing a u. 1. f. cover by normal charts 
{Ua}a of fixed radius, an associated decomposition of unity {(pa}a as follows: 



a 
a 

= - /(E ^"((^« - ^ a )5a,fc) • - (7.24) 

- I {W, E Va{Vo.Ai9a - 9't)dk)) ■ $) (7.25) 
Using (7.24), (7.25), we write 

= |(l^(t,m,p),?7"^$)p|i2(M,i?,dp) 

= l(Ci(P)W^(^'^.^^)'Co'^)p + 

+ (Vr(t,m,p,r;ifo,o^))pk2(M,E,dp). (7.26) 

Now we use \V xX\ < \X\ ■ |VX|, that the cover is u.l.f. and |VH^| < Ci • 
(IDPFI + W) (since we have bounded geometry) and obtain 

= C ■{Ni{^) + N2i^)). (7.27) 
Hence we have to estimate 

sup iVi($)= sup mm),{De-'^')rjl^,<^>)\L,dp (7.28) 



and 



sup iV2($)= sup |(5(m),(e-*^0r;^fo_o$)|i,,,. (7.29) 

1*1^2=1 1*1^2=1 
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According tok>r + l>n + 3, 5.4, 5.5, 5.7, 

D{W{t,mr),W{t,mr) e H^^{E), 

\{D{W{t,m,-)\H^„\W{t,m,-)\H^,<C,{t) (7.30) 
and we can restrict in (7.28), (7.29) to 

sup 7Vi($). (7.31) 

1*1^5 < Ci{t) 

Vifij Vifi,o of order zero and we estimate them by 

C-\g-g'\g,2,^^ < C'\g-g'\g,i,r-i (7.32) 
and D-\W{g-g%,,,r < D'\V{g - g%,^,r-i 

< D"\g-g'\g,,,r (7.33) 

respectively. As we have seen aheady, into the estimate (7.33) enters 
jVr^li^r-i, i- e. in our case |V^(5' — g')\r-i ~ Ifl' — 9'\r+i- For this reason 
we assumed E' G comp]^^^j j p{E), not as in section 6, E E comp^'''(i?'). 
In the expression for A^i($) corresponding to (6.23) there is now a shght 
deviation. 



+00 



A^i(*) 



s ■ e 4t e**^77i^o*(m) ds 



(7.34) 



1 s 

We estimate in (7.34) s • e~i8 « by a constant, write instead of (6.29) 

17 9 

e~T8 4t . vol{B2d+s{'iTi)) < C ■ e~io « 

and proceed now for A^i($), iV2($) hterally as in (6.29) - (6.40). Hence 
(7.17) is of trace class, its trace norm in uniformly bounded on any t-intervall 
[oo, Oi], Oo > 0. (^1,3) is done. (^1,4) is absolutely parallel to (/i,3), even better, 

since the left hand factor D is missing. ID^^^ *^*"*^^^^ lop now produces the 
factor ;^^7= which is integrable over Write the integrand of (/i,i) as 

(De-^')(r7ie-— ^-2/-i)(/e-— ^-2). (7.35) 
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We proceed with (7.35) as before. Here rji already stands at the right place, 

we must not perform partial integration. Into the estimate enters again the 
first derivative of W. De~^^ generates the factor which is intgrable on 
[0, |]. We write (/i,2) as 

t_ 

/e--^[(,,e-^</-)(/e-^-^^.)]e-^<D2,ci. (7.36) 



and proceed as before. 

Consider finally the case = 3, locally 

The first step in this procedure is quite similar as in the case u = 1 to shift 
the derivation to the left of W and to shift all zero order terms to the right. 

Let X be a tangent vector field and $ a section. 

Lemma 7.7 X{ ')^i* = + order terms. 

Proof. X(- - -OV^f = [X(- - -OV',* - V:(X(- - ■')$)] + V',(X(. - ■')$)• 
Wc are done if [. . . ] on the right hand side contains no derivatives of But 
an easy calculation yields 

[x{.-.')v,<^-v,{x{--'m = 

= x-(v:-v.)$-(v:-v.)(x-$) 

+(V^ - Vi)X ■' * + (ViX)(-' - •)*. (7.37) 

□ 



Hence for * e C^{U) 

J M*,/'^(---)v:<f)prfp(^) = 

= I h{^, V;(/^ A(. _ .')$)^ dp{g) + (7.38) 

+(V; - V,)X $ + (v./'^) (■' - dp{g). (7.39) 
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(7.38) equals to 

Jh{V:^,g"'^^{---')^),dp{g). (7.40) 

If $ is Sobolev and — W then we obtain again by a u.l.f. cover by normal 
charts {Ua}a and an associated decomposition of unity {(fiaja 



h{W, 4'^), dp{g) = 

a 

- j J2 - -O^). dp(9) + (7.41) 

+ 1 h(W,rj^,^), dp(g), (7.42) 

where r/g^o^ is the right component in h{-, •) under the integral (7.41), mul- 
tiplied with (fa and summed up over a. 

Now we proceed hterally as before. Start with 

t 



2 

t 



= |(i5e-i^^)[(e-t^V)(rVt^^%°-)]e-(*-^)^^^. d.. (7.43) 
i 

2 

We want that for suitable / G L2, f~^ei^^vT is Hilbert-Schmidt. For this 

we have to estimate h{W{t,m,p),ri^^-)p and to show it defines an integral 
operator with finite L2((M, E), dp)-norm. We estimate 

Ar($) = mm),e-'^'vr^)\L.m,EUp)= (7.44) 

= \h{W{t,m,p),4''^)p\L,i(M,E),dpy (7.45) 
Using (7.41) and (7.42), we write 

7V($) = |/i(l^(t,m,p),r7°^$),U,(,p) = 
= |/i(r^3°:iW-(t,m,p),^°^o'^')p 

+ /i(VF(i,m,p),7?3°fo,o*)p|L.(dp). (7.46) 
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Now we use |V^*X| < Ci|V'^X| < CslX] ■ |V'x| < C3|X|(|Vx| + |x|), that 
the cover is u.l.f. and \VW\ < C4{\DW\ + and obtain 

7V($) < C'(|/iW(i,m,p), 773°;'o%U,(,^) + |/i(iy(t,m,p), 773%$)pU,(,^) = 

Here we again essentially use the bounded geometry and refer to [3] and [21]. 
Hence we have to estimate 

sup iVi($)= sup |(5(m),(De-*^')r;3°fo$)|L.(dp) (7.47) 



and 

sup A^2($)= sup |(5M,e-*^'%^o,o*)k2(rfp)- 

According toA;>r + l>n + 3, 5.4, 5.5, 5.7 

DW{t, m, ■), W{t, m, •) e Hi'^^^ 
\DW{t,m,.)\Hr^,\W{t,m,-)\Hi <Ciit) 

and we can restrict on (7.48), (7.49) to 

sup 

* e c^{E) 

I*k2 = 1 
m^i <Ci(t) 

vTqi vTo order zero and can be estimated by 

Col • — |2,S < • — •' \l,r-l 



(7.48) 



(7.49) 
(7.50) 



/ I 



<D,-{\V-V\2,r-1 



and 

Do-(|V-V'|2,r + | 
respectively. 

Now we proceed literally as for (/i^s), replacing (7.34) by 

1 1 



■ l,r-l 



(7.51) 
(7.52) 



A^i(*) 



/47rt2i 



se-«e*'"%Xm) ds 



(7.53) 
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(73,3) is done, (/3,4), (-^3,1), (-^3,2) are absolutely parallel to the case u — 1. 
This finishes the proof of 7.1. □ 

We need in later sections the theorem analogous to 6.3 for the case of addi- 
tional variation of g, V'*, •. 

Theorem 7.8 Suppose the hypothesises of 7.1. Then 

is of trace class and the trace norm is uniformly bounded on compact t- 
intervalls [ao,ai], Qq > 0. 

Proof. The proof is a simple combination of the proofs of 6.3 and 7.1. □ 

Example. The simplest standard example is = {A*T*M 

C,5fA*, V^A*) — > {M'',g) with Clifford multiplication 

X^oj e TmM (g) A*T*M (8)C — > X ■ u ^ ojx ^oj - ixoo, 

where ujx '■= g{,X). In this case E as a. vector bundle remains fixed but the 
Clifford module structure varies smoothly with g,g' e comp(5f). It is well 
known that in this case D — d + d*, D'^ — {d + d*Y Laplace operator A. 



Theorem 7.9 Assume {M'^,g) with (/), (Bk), k>r + l>n + 3, g'e 
M{I,Bk), g' G compi''-+i((?) C M{I,Bk). Denote by A'^^(^) = U*i*^{g')iU 
the transformation of A' = A{g') from L2{g',g') = L2{{M,A*T*M ^ 
C),g',g'j,.) to L^ig) = L^ig.g) = L2{{M,A*T*M ®C),g,gA*), where i : 
L2{9,9') = L2m,A*T*M®C),g',gj,*) L^ig'.g') and U : L^ig.g) 
L2{g',g), U = a2 , dq{g) = a{q) ■ dq{g'), are the canonical maps, i* , U* their 
adjoints. Then for t > 

is of trace class and the trace norm is uniformly bounded on compact t- 
intervalls [ao,ai], Qq > 0. 
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Unfortunately the proof would not follow from 7.1 since E' — E'(g') ^ 
com.p]^^^j J, p{E) but E' G comp^''^^^j(£^), the fibre metric g/^* varies simul- 
taneously with g. Now there are two possibilities. 1. A complete direct 
proof for this special case which will be even much easier than the proof 
of 7.1 since /i', V, •' have very explicit expressions depending only on g'. 
2. A still more general version of 7.1, admitting even variation of the fibre 
metric, g — > g', h — > h', — > , ■ — > ■'. We decide to establish 
the general version. Before the formulation of the theorem we must give 
some explanations. Consider the Hilbert spaces L2{g,h) = L2{{M,E),g,h), 
L2{g',h) = L2{{M,E),g',h), Hg^h') = L2{{M,E),g',h') = 4 and the 
maps 

Hg',h),{g',h') ■ L2{g', h) ^ L2{g\ h'), i(g',h),ig',h'}^ = * 

Uig,hUg',h) ■■ L2{g, h) — > L2{g\ h), U^g,hUg',h)^ = a^^ 
where dp{g) — a{p)dp{g'). Then we set 

^L2{g,h) = ■= U{gMA9'M^\9',h),{9',h')^'^i9'^^')^i9',h')U{g,h),{g',h) = 

= U*i*D'iU. (7.54) 

Here i* is even locally defined (since g' is fixed) and i* = dual^^ oi' o dualh', 
where dualh{^{p)) = hp{-, $(p)). In a local basis field $i, . . . , $Ar, $(p) = 

t^p) = h'%,CHp)- (7.55) 

It follows from (7.55) that for h' e comp^''^'^^{h) i* , are bounded up to 
order 

i* - 1 G Q°'^'''+\Hom{{E,h',V^'') — > 

(M, g'), {E, h, V') (M, g'))) (7.56) 



and 



1, i*-^ - 1 G Q°''''^^(i/om((E, h', V'^') 
{M,g'),{E,h,V')^(M,g'))). (7.57) 



i : L2{g',h) — > L2{g',h') = L2 and i* : L2{g',h') — > L2{g',h) are for 



D' = D' is self adjoint on D-^ = C^{E) ^ , where \^%, = \<^\l, + \D'^\^, 
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h' e comp^'''+^(/i) quasi isometries with bounded derivatives, they map 

C^(E) 1-1 onto C^{E) and i*D'i is self adjoint on = A*D'i C 

L2{{M, E), g' , h) = L2{g',h). We obtain as a consequence that e~**^**^*^ 
is defined and selfadjoint in L2{{M, E), g' , h) = L2{g',h), maps for t > 
and i,j G Z W{E,i*D'i) continuously into H^{E,i*D'i) and has the heat 
kernel Wg, ,^{t,m,p) = (5(m), e"*^'*-^'*) ^ip)), W'{t,m,p) satisfies the same 
general estimates as W{t,'m,p) in section 5. By exactly the same ar- 
guments we obtain that e-*^*(^*^'^)'^ = e-*(^***^'*^)' = f/*e-*(^*^'^)V is 
defined in L2 = L2{{M,E),g,h), self adjoint and has the heat kernel 
Wj^^ltjUi^p) = W'gi^{t,m,p) = a~2[m)Wg,i^{t,m,p)a{p)2. Here we assume 
g' e comp^'''+^((7). Now we are able to formulate our main theorem. 

Theorem 7.10 Let E = {{E,h,V = V^, ■) — ^ {M'',g)) be a Clifford 
bundle with {!), {Bk{M,g)), {Bk{E,V)), k>r + l>n + 3, E' = 
{iE,h,V' = V^',-') iM^,g)) e gencomp['j;/i?) n CL^^'"(/,5fc), 

D = D{g,h,V = V",-), D' = D{g\h,W = V"',-') the associated gener- 
alized Dirac operators, dp{g) = a{p)dp{g') , U = . Then for t > 

e-iD' - C/*e-*(^*^'^)V (7.58) 

is of trace class and the trace norm is uniformly bounded on compact t- 
intervalls [ao,ai], oq > 0. 



Proof. We are done if we could prove the assertions for 

^-t(UD'u*? _ ^-tii*D'if ^ [/e-ti^V* - e-*(^*^'^)' (7.59) 

since f/*(7.59)?7 = (7.58). To get a better explicit expression for (7.59), we 
apply again Duhamel's principle. This holds since Greens formula for U D^U* 
holds, 

J hg{UD^U*^, *) - UD'^U*-^) dq{g') = 0. 
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We obtain 

t 



- J J hg{a'^{m)W{s,m,q)a~Hq), (uD^U* + W;^,^^{t - s,q,p) dq{g') ds = 

M 

t 



M 

1 



= a 2 (^m)W{s, m, q)a 2 (g) — Wg,^j^,{t, m,p) = 
= Wg,,h{t:m,p) - Pr;^Jt,m,p). (7.60) 

(7.60) expresses the operator equation 



^-t{UDU*f _ ^-t{i*D'i)^ 



t 

= -y e-^(^*^^)'(([/D[/*)2 - (z*D'z)2)e-(*-^)(^*^'^)' ds = 


t 

= - j e-'^^''^*^'UDU*{UDU* -eD'i)e-^'-'^^'''''^^ ds- (7.61) 


t 

- j e-<''''''''^\UDU* -i*D'i)ii*D'i)e-^'-'^^''''''^' ds. (7.62) 





We write (7.62) as 
t 





t 

- fah-^^'Da-HD - fD'i - I^)e-('-sWD'^)^ ds = 
J 2q; 



t 

- [ ah-^'^'Da-'^fiit*-' - 1)D + {D - D') - f-i^^)e-^t-sW^'ir 
J 2q; 



t 

J a^e-'^^'Dirjo + Vi+V2 + Vs + m)e-^'~'^^'*''''^" ds, 
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^0 = ^fy^, Vi = -a--H%{7), i = 1,2,3, 771(7) = (7.10), 772(7) = (7.11), 

^3(7) = (7.12), 774 = Q;~2i*-i(i* — 1)D. Here 770 and 772 are of zeroth order. 
771 and 773 can be discussed as in (7.18)-(7.54). 774 can be discussed analogous 
to 771, 773 in section 7, i.e. 7/4 will be shifted via partial integration to the left 
(up to zero order terms) and a~2i*{^i* — 1) thereafter again to the right. In 
the estimates one has to replace W by DW and nothing essentially changes 
as we exhibited in (7.34). We perform in (7.62) the same decomposition and 
have to estimate 20 integrals. 



2 

/ 



a^e-^^i^77.e-(*-)(^*^'^)^ ds, {h,,) 



2 

j a^e-^'77.(i*i^'i)e-(*-)('*^'')' ds, {L,,) 



t 
2 



a 



^e-^^D77.e-(*-)(^*^'^)^ ds, (7.,3) 



t 
2 



a 



^e-^^'77,(i*L''i)e-(*-^)(^*^'^)' ds, (/,,4) 



u = 0, ... ,4 and to show that these are products of Hilbert-Schmidt oper- 
ators and have uniformly bounded trace norm on compact t-intervals. This 
has been completely modelled in the proof of 7.1. □ 

Combining the proof of 7.9 and the decomposition (6.45)-(6.48), we obtain 

Theorem 7.11 Assume the hypothesises of 7.10. Then for t > 

e*^'L>-[/*e-*('*^'^)'(rL''i)[/ 

is of trace class and its trace norm is uniformly bounded on compact t- 
intervalls [ao,ai], ao > 0. □ 
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The operators i*D''^i and {i*D'iY are different in general. We should still 
compare e~***^' ' and e"*^**^'')^. 

Theorem 7.12 Assume the hypothesises of 7.10. Then for t > 

is of trace class and the trace norm is uniformly hounded on compact t- 
intervalls [ao,ai], oq > 0. 

Proof. We obtain again immediately from Duhamel's principle 

^-ti*D'^i _ ^-t[i*D'if _ 

t 



t 



t 

^- J e-'^''''"'^(i*D'i)t-\l - tt*)t*~^^*D'i)e-^'-'^^'*''''^' cis(7.63) 



In we shift i*D'i again to the left of the kernel W_su*D^i) partial 
integration and estimate 

(rL>'ie-t(^*^'"))[(e-t(^*^'"))/)(/-ie-t(^*^'")r^(i - 

as before. In [0, |] we write the integrand of (7.63) as 

and proceed as in the corresponding cases. □ 
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Theorem 7.13 Assume the hypothesises of 7.10. Then for t > 

is of trace class and the trace norm is uniformly bounded on any t-intervall 
[ao, ai], ao > 0. 

Proof. This immediately follows form 7.10 and 7.12. □ 

Theorem 7.9 is now a special case of the more general theorem 7.12. □ 

Finally the last class of admitted perturbations are compact topological per- 
turbations which will be the content of the next section. 

8 Trace class property in the class of addi- 
tional compact topological perturbations 

Let E = {{E,h,V^) — > {M'',g)) e CLB^'"(/,Sfc) be a Clifford bundle, 
k>r + l>n + 3,E'^ {{E, h', V'') (M'", ^0) e compi'',+V,,(£;) n 
CLS^'"(/,5fe). Then there exist K C M, K' C M' and a vec- 



tor bundle isomorphism (not necessarily an isometry) / — (/b, /m) G 
V''^+^{E\m\k,E'\m'\k' s. t. 

g\M\K and fMg'\M\K are quasi isometric, (8.1) 

h\E\M\K f*Eh'\E\M\K quasi isometric, (8.2) 

\g\M\K — fMg'\M\K\g,l,r+l < (8-3) 

\Mem\k ~ fEh'\E\M\K\g,h,Vh,l,r+l < OO, (8.4) 

\'^''\e\m\k ~ f*E^^ |B|M\if IsAV'.l.r+l < (8-5) 

I • \m\K — fs ■' |M\ft-|(,,/i,V'',l,r+l < OO. (8.6) 



(8.1) - (8.6) also hold if we replace f hj f-\ M\K hy M'\K' and g, h, V'^, • 
by g', h', , •'. If we consider the complete pull back f'^{E'\M'\K')j i-®- 
pull back together with all Chfford datas, then we have on M\K two Clifford 
bundles, E\m\k, /!;(-£'' I M'\_ft:' which are as vector bundles isomorphic and we 
denote f%{E'\M'\K' again by on M \ K, i.e. g'^^^ = {fM\M\KY g'oid etc 
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(8.1) - (8.6) and the symmetry of our uniform structure ^Ldiffrei ™pty 

W^'\E\m\k) = W^'\E'\m\k), < z < r + 1, 
W''^^{E\m\k) = W''^^{E'\m\k). 0<j< 

H^{E\m\k, D) - W{E'\m\k, D'), 0<j< (8.7) 

n'^^''{End{E\M\K)) = n'^'''{End{E'\M\K)), < i < r + 1, 
n'^^'^{End{E\M\K)) = n'^^'^{End{E'\M\K)), < j < 

Here the Sobolev spaces are defined by restriction of corresponding Sobolev 
sections. 

We now fix our set up for compact topological pertulations. Under more 
special assumptions this has already been done in [2], [5]. Set H — 
L^iiK, E\K),g, h)®L2{{K', E'\K'),g', h')®L2{{M\K, E),g, h) and consider 
the following maps 

tL,^K':L2{{K',E'\K'),g',h')^n, 

: L2((M' \ K', E'\M'\K'),g', h!) L^HM' \ K' , E'\m'\k'), g' , h), 
U* : L2{{M'\K',E'\M'\K'),g',h) ^ L2{iM'\K',E'\M'\K'),g,h), 

= 

where dq{g) = a{q)dq{g'). We identify M\K and M' \ K' as manifolds and 
E'\ 

M'\K' and E\m\k as vector bundles. Then we have natural embeddings 

iL,,M-L2{{M,E),g,h)^n, 
iL„K'®U*i-' : L2{{M',E'),g',h')^n, 

{iL2,K' e u*r^)^ = iL^,K'XK'^ + u*r^xM'\K'^- 

The images of these two embeddings are closed subspaces of H.. Denote 
by P and P' the projection onto these closed subspaces. D is defined on 
C im P. We extend it onto (im P)-*- as zero operator. The definition of 
(the shifted) D' is a little more complicated. For the sake of simplicity of 
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notation we write U*i ^ = iL2,K' © U*i ^ = id® U*i ^, keeping in mind that 
'iL2,K' fixes Xk,^ and the scalar product. Moreover we set also iUXk'^ = 
U*i*XK'^ = Xk'^. Let $ G "Dd', XK'^ + U*i-^XM'\K'^ its image in 7^. Then 
{U*i* D'iU){XK'^ + U*i-^XM'\K',^) = U*i*D'^ = XK'D'^ + U*i*XM'\K'D'^. 
Now we set as T>u*i* c H 

VuH*D'iU = {Xk'<^ + U*i-^XM'\K'<^\<^ e Vd'} © (im P')^. (8.8) 

It follows very easy from the selfadjointness of D' on T>d' and (8.7) that 
U*i*D'iU is self adjoint on Vu*i*D'iU^ if we additionally set U*i*D'iU = on 
(im P')^- 

Remark 8.1 If g and h do not vary then we can spare the whole i — U~ 
procedure, i — U — id. Nevertheless this case still includes interesting pertu- 
lations. Namely pertulations ofV, ■ and compact topological pertulations. 

□ 

We set for the sake of simplicity D' = U*i*D'iU . The first main result of 
this section is the following 

Theorem 8.2 Let E = {{E,h,V^) — > {M'',g)) e CLB^'"(7, P^), k > 
r + l>n + 3, E' e gencomp^';+/^^^^(P) n CLB^''^(7, P^). Then fort>0 

and 

e-*^'P - e~*^''p' (8.10) 

are of trace class and their trace norms are uniformly bounded on any t- 
intervall [ao,ai\, oq > 0. 

For the proof we make the following construction. Let V G M \ K he open, 
M\K\V compact, dist{V,M\K\ (M \ ii')) > 1 and denote by P e L{n) 
the multiplication operator P = Xu- The proof of 8.2 consists of two steps. 
First we prove 8.2 for the restriction of (8.9), (8.10) to V, i.e. for P(8.9)P, 
thereafter for (1 - P)(8.9)P, P(8.9)(l - P) and the same for (8.10). 
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Theorem 8.3 Assume the hypothesis of 8.2. Then 



5(e-*«>_e-*^' P')B, 



8.11) 
8.12) 
8.13) 
8.14) 
8.15) 
8.16) 
8.17) 
8.18) 



(l-S)(e-*^'P-e-*^'V')S, 
Bie-'"^' D - e-'^'' D'){1 - B), 

{1- B){e-'^"D-e-'^''D')B, 



(1 - B){e~'^'P - e"*^' P'){1 - B), 
(1 - B){e-'^'D - e-*^''D')(l - B) 



are of trace class and their trace norms are uniformly bounded on any t- 
intervall [ao,ai], oo > 0. 

8.2 immediately follows from 8.3. We start with the assertion for (8.11). 
Introduce functions ^p,ip,'~f G C°°{M, [0, 1]) with the following properties. 

1. supp if C M\K, (l-ip) e C^{M \ K), ip\v = 1. 

2. ip with the same properties as (p and additionally ip = 1 on supp ip, i.e. 
supp (1 — ■0) n supp (f — 0. 

3. 7 e C~(M), 7 = 1 on supp (1 - (/?), 7|y = 0. 

Define now as in [5] an approximate heat kernel E{t,m,p) on M by 

E{t, m,p) := ■j{m)W{t, m,p){l — (p{p)) + ip{m)W'{t, m,p)ip{p). 
Applying Duhamel's principle yields 

(3 




a M 




= / [h,{W{(3,m,q),E{t - P,q,pj) - hg{W{a,m,q), 



M 



E{t-a,q,p))]Xu{p) dq{g). 



(8.19) 
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Performing a — > 0+, /3 — > t in (8.19), we obtain 

/3 



J J hg{W{s,m,q), (^D^ + E{t - s, q,p))Xu{p) dq{g) ds ^ 

a M 



lim. / [hg{W{P,m,q),E{t- P,q,p))X.{p) dq{g) - 



M 



E{t,m,p)X,{p). (8.20) 
Now we use 

Xy(p)(l-(/^(p)) = (8.21) 

and obtain 

lim_ I [hg{W{P,m,q),E{t-P,q,p))Xu{p) dq{g) = 



M 



= lim_ / [h,{W{(5,m,q),'^{q)W'{t-(3,q,p))ip{p)X.{p) dq(g) = 



M 



— W{t, m,p) 

since W'{t^ q,p) is the heat kernel of e~'^^' . This yields 

t 

- j j hq{W{s,m,q),[D'' + E{t - s,q,p))Xv{p) dq{g) ds ^ 

M 
t 

- j j h,{W{s,m,q),{D'i;{q)-^P{q)D'')W'{t-s,q,p))Xv{p) dq{g) ds ^ 

M 

= [Wit,m,p)-W'it,m,p)]-Xvip). (8.22) 
(8.22) expresses the operator equation 



t 



(e-*^> - e-"^''p')B = - j e-^^'(L'V - iPD'\-^'-'^^'' B ds (8.23) 





in H. at kernel level. 
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We rewrite (8.23) as in the foregoing cases. 



(8.23) = - y" e-'^^ {D{D - D')^ + {D - D')D'iP + D'V - i^D'\-^^-'^^'' ds = 



e-'^\D{D - D')i;e-^'-'^^'' ds+ 

2 

+ J e-^^'(L> - D')D'ilje~^'-'^^'' ds + 



± 

2 

+ J e-'^\D'^jP-7jjD'^) ds 



t 



e ds-r 



(8.24) 

(8.25) 

(8.26) 
(8.27) 



+ j e-'^\D - D')D'ilje-^'-'^^'' ds + 
t 

2 

t 



(8.28) 



(8.29) 



Write the integrand of (8.27) as 

\e~i^^ D\op < |e~*^*~*^^' \op < C and [. . . ] is the product of two Hilbert- 

Schmidt operators if / can be choosen G L2 and such that f^^e^i^^{D—D')ip 
is Hilbert -Schmidt. We know from sections 6 and 7, sufficient for this is that 
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{D — D')t/j has Sobolev coefficients of order r + 1 (and p—1). 



1 „, . 1 . 



{D-D')il) = {D -a-^i*D'ia2)i/; 



2a 



i* ^( grad ip ■ +^D) + grad ') 



+ ( grad jjj - grad V) •' +^{D - D') - ^^^^-^^ 

2a 



i* is bounded up to order k, i*^^ — 1 is (r + l)-Sobolcv, grad ip, grad ''ip 
liave compact support, <■(/'< 1, is (r + l)-Sobolev and ip{D — D') 

is completely discussed in (7.9) - (7.53). Hence (8.27) is completely done. 

Write the integrand of (8.28) as 

[(ef^V)(r^et^^(D - D'MD'e-^'-^)^''). 

[. . . ] is the product of two Hilbert-Schmidt operators with bounded trace 
norm on t-intervalls [oq, ai], oq > 0. An easy calculation yields 



^'■0 — a 2i*D'ia2ijj — i* grad ijj ■' +iIjD', 



hence 



\D'^|;e-^'-'^^''\op = |(i* grad > +^PD')e-^'-'^'^'' \op <C+ -£=, 

Vt - s 

(8.28) is done. 

Rewrite finally the integrands of (8.24), (8.25) as 

(e-^^D)[((D - i50^e-^^'V-^)(/e-^^'^)] = 
= e-'^^Di*[{{(i*-^ - 1)( grad ^ ■ +^D) + 
+ grad '0(' "■') + ( grad ip — grad 'ip) ■' + 

+^{D - D') - ^ ^)e-'-V6''r-){Se---¥6'')] 
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and 

= e-'^'i*[{{{i*-^ - 1)( grad ip ■ +ijD) + grad - •') + 
( grad V' - grad » +M - D') - / ^) 

respectively, and (8.24), (8.25) are done. The remaining integrals are (8.26) 

~ 2 ~ 2 

and (8.29). We have to find an appropriate expression for D' ij) — ijjD' . 

D''^ = {a-n*D'ia^)(a-n*D'ia^) (8.30) 
1 •* T^i * f grad 'a , 1 ^, 
V 2q;2 

/r^, _i grad 'a A / grad 'a , i ^, 

= I* D'a 2 + — — 3 — ' I* — 1 ' +a^D' 

\ 2a2 J \ 2a2 

■*T^i-*T^i grad 'a , grad 'a , grad 'a , 

= i*D'i*D' + i*D'i*— '+1*— 'i*— ' + 

2a 2a 2a 

+e^^.'eD'. (8.31) 

2a 
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Hence 

D'V - i'D''^ = i*D'i*D'i) - i,i*D'i*D' + 
,^.^rad^ , _ grad 'a , 

2a ^ ^ 2a ^ ' 

^ grad 'a grad 'a ^ _ ^ grad 'a grad 'a ^ 

2q; 2q; 2q; 2q; 

grad 'a , ^, , , grad 'a . ^, 

2a ^ ^ 2a 

= i*D'i* grad > +i* grad > •' i*D' + i/jiWeD' - ^i*D'i*D' + 

+1 ( grad • +%)D )i — • —ipz D i — • + (8.33) 

2a 2a 

grad 'a , , / , / , , •* g^^d 'a , ^, 

2a 2a 

= i*D'i* grad V ■' grad > •' i* + (8.34) 

+rgrad>-'r-^^|^-'+ (8.35) 
2a 

^.,_grad^ _,^, grad V-'- (8-36) 
2a 

The terms in (8.34) are first order operators but grad V has compact support 
and we are done. The terms in (8.35), (8.36) are zero order operators and 
we are also done since grad 'ip has compact support. 

Hence (e-*^'P-e-*^'V')5, fi(e-*^'P-e-*^''p')S are of trace class and the 
trace norm in uniformly bounded on any compact t-interval [oq, ai], > 0. 
The assertions for (8.11) are done. 
Next we study the operator 

(el^>-e-t^'V')(l-S). (8.37) 

Denote by the multiplication operator with exp(— £:dist(m, K)^). Refering 
to [2] , we state that for e small enough 

M,e-*^'S, M,e-*^"S (8.38) 

and 

M-'e-'^^'xc, M-^e-*^"xG (8.39) 
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are Hilbert-Schmidt for every compact G C M or G' C M'. Write 
(ef^>_e-|^'V')(l-5) = 

= [e-5^'PM,] • [M-^e-i'^'P - e-5^'V')(l - B)] + (8.40) 

+ [e-5^'P - e-t^''p')M,] • [M-^e-^^'V'(l - B)]. (8.41) 

According to (6.7) - (6.9) and (8.38), each of the factors [■■■] in (8.40), 
(8.41) is Hilbert-Schmidt and we obtain that (8.34) is of trace class and has 
uniformly bounded trace norm in any t-interval [ao,ai], Gq > 0. The same 
holds for 

P(e5^'P-e-5^'V')(l-fi) (8.42) 

(l-P)(et^'P-e-t^'V')P (8.43) 

(1 - P)(e^^'P - e-^^''p')(l - B) (8.44) 

by multiplication of (8.37) from the left by B etc., i.e. the assertions for 
(8.13), (8.14), (8.17) are done. Write now 

(e-|^^L» _ e-'^^''D')B = 

(e-t^'L>)(et^'P - e-t^''p')S + (8.45) 

(e-|«^D - e-5^''D')(e-^'''>)5. (8.46) 

(8.45) is done already by (8.23) and \e~^^'^ D\op < Decompose (8.46) as 
the sum of 

e--2^'p{D - D') ■ (e-5^''D') = [e^'^^' P{-r])] ■ {e-'^^'' D')B (8.47) 

and 

(e-f^> - e-^^''p')(e-5^''^')^ (8-48) 
[. . . ] in (8.47) is done. Rewrite e~^^^P - e~i^' P' as 

(e-|^'p-e-5^'V)P+ (8.49) 
+ (el^>_e-|^''p')(l-P). (8.50) 

(8.49), (8.50) are done already, hence (8.48) and hence (et^'P- e-|^'V')S, 
(8.12), (8.15), (8.16), (8.18). This finishes the proof of 8.3. □ 

The proof of theorem 8.2 now follows from 8.3 by adding up the four terms 
containing e^^^P — e~^^' P' or e^^^D — e~^^' D', respectively. □ 
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Remcirk 8.4 We could perform the proof of 8.2, 8.3 also along the lines 

of (7.59) - (7.62), performing first a unitrary transformation, proving the 
trace class porperty and performing the back transformation, as we indicate 
in (7.59). This procedure is completely equivalent to the proof of 8.2, 8.3 
presented above. □ 

The operators U*i*D'^iU and {U*i*D'^iUf are distinct in general and we 
have still to compare e"**^*^***^' «'^)p' and g"*"^^***-^' ^ufp'. According to our 
remark above, it is sufficient to prove the trace class property of 

in 

n' = MiK, E),g, h) © L2((i^', E'),g\ h') © \ K, E),g', h). 

Here we have an embedding 

iL,,K' © : L2((M', E'),g', h') W 

{iL2,K' © = iL2,K'XK'^ + i~^XM'\K'^, (8.52) 

where 

i-' : L2((M' \ K', E'\m'\k'),9', h') L^dM' \ K' , E'\m'\k'), g'h), 

and 

i*D'i{XK, * + i~^XM'\K'^) := i*D'^ = Xk'D'^ + i*XM'\K'D'^, 

i*D'^i similar, all with the canonical domains of definition analogous to (8.8). 
P' is here the projection onto im (iij.if' ® ^~^)- We define i*D''^i, {i*D'iY to 
be zero on im P'"*". 

Remark 8.5 Quite similar we could embed L2{{M, E), g, h) into 7i', define 
P, UDU* and the assertion 8.2 would be equivalent to the assertion for 

Applying the ( extended) U* from the right, U from the left, yields just the 
expression (8.9). □ 



82 



Theorem 8.6 Assume the hypothesises of 8.2. Then 

is of trace class and its trace norm is uniformly hounded on compact t- 
intervals [ao,ai], ao > 0. 

Proof. We prove this by establishing the assertion for the four cases arising 
from multipHcation hy B ,1 — B. Start with (8.54). B. Duhamel's principle 
again yields 

(^^-t{i*D>^i)pl _ ^-t{i*D'i)^pl^p ^ 

t 

= - y e-^(^*^"')((z*L'"i) - (z*L>'z)2)e-(*-^)('*^'^)' ds. (8.55) 



An easy calculation yields 

{i*D'^i)^ - ^P{i*D'if = rL>'^V - ipi*D'i*D' = 
= i*D' grad > •' +i* grad >•'£> + 'ijji*D'^ - 
-(^lji*D'^ + ijji*D'(i* -1)D')^ 

= i*D' grad V •' +i* grad > D' - (8.56) 
-ipi*D'(i* - 1)D'. (8.57) 

The first order operators in (8.56) contain the compact support factor 
grad 'ijj and we are done. Here i*D' (coming from the first term or from 

grad 'ip ■' D' = grad '^jJ ■' i*~^i*D) will be connected with e"**^**-^' or 
p-(t-s){i''D'iY ^ depending on the interval [|,t] or [0, |]. The (-D')'s of ^^e 
second order operator (8.57) can be distributed analogous to the proof of 
7.12. The remaining main point is < ^/^ < 1 and i* — 1 Sobolev of order 
r + 1, i. e. i* - I en'''^^'+\Hom{{E'\M'\K',9' .h'),{E\M\K,9' ,h))). 

The assertion for (8.54) B is done. Quite analogously (and parallel to the 
proofs of (8.11), (8.13), (8.14), (8.17)) one discusses the other 3 cases. □ 

We obtain as a corollary from 8.2 and 8.6 

Theorem 8.7 Assume the hypothesis of 8.2. Then for t > 

Q-tD^p _ ^-t(U*i*D''^iU)pl 
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is of trace class in Ti' and the trace norm is uniformly bounded on compact 
t -intervals [oq, Oi], Oq > 0. □ 



Applying 8.7 to the case E = A*T*M OC, D'^ = A, we obtain 

Theorem 8.8 Let {A*T*M (8)C, c/a*) E CLB^"{I,Bk), k>r + 2>n + 3, 
(A*T*M'®C,(?;0 e gencompi;',+;^,,^,(A*T*M®C,(?A0nCLi32"'"(/,S,), 
A = A{g), A' = A{g') the graded Laplace operator. Then for t > 

g-tAp _ ^-t{U*i*A'iUp/ 

is of trace class in TC' and the trace norm is uniformly bounded on compact 
t-intervals [oq, ai\, oq > 0. □ 

Roughly or more concretely spoken, as one prefers, this means the following. 
Given an open manifold (M", g) satisfying (J) and (-Bfc), A;>r + 2>n + 3. 
Cut out a compact submanifold K and glue the compact submanifold K' 
along dM — dK, getting thus M', endow M' with a metric g' satisfying (/) 
and (Sfe) and 

\9 - 9'\M\K,g,l,r+l < OO. 

Then for t > 

g-tAp _ ^-tU*i*A'iUpi 

has the asserted properties. 



9 Relative index theory 

We proved in 8.4 that after fixing E E CLi3^'"(/, 5^), A; > r + 1 > n + 3, we 

can attach to any E' E gen co'mp]^^^^ j: ^^^(E) two number valued invariants, 
namely 

E' tr (e-*^'P - e-*(^*^*^'*^)>') (9.1) 

and 

E' tr (e-*^> - e-*^*^*^"^^P')- (9-2) 
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This is a contribution to the classification inside a component but still un- 
satisfactory insofar as it 

1. could depend on t. 

2. will depend on the K C M, K' C M' in question, 

3. is not yet clear the meaning of this invariant. 

We arc in a much nore comfortable situation if we additionally assume that 

the Clifford bundles under consideration are endowed with an involution 
T -.E — > E, s.t. 

= 1, T* = T (9.3) 

[r,X]+ = for X e TM (9.4) 

[V,r]=0 (9.5) 



Then L2((M, E),g,h)^ L2(M, E+) ® L2(M, E 

D = 



D- 
D+ 

and D~ — (£)+)*. If M" is compact then as usual 

indL> := indL>+ := dim ker - dim ker D' = tr (re"*^'), (9.6) 
where we understand r as 



T = 



/ 
-I 



For open M" inclD in general is not defined since re^^^^ is not of trace class. 
The appropriate approach on open manifolds is relative index theory for pairs 
of operators D, D'. If D, D' are selfadjoint in the same Hilbert space and 
e*-^^ — e~*^' would be of trace class then 



md{D, D') := tr (r(e-*^ - e"*^ )) (9.7) 

makes sense, but at the first glance (9.7) should depend on t. 

If we restrict to Clifford bundles E G CLi3^'"(/, -B^) with involution r then 

we assume that the maps entering in the definition of comp^''^^^^^^(£') or 

gencomp]^''^"[^j^g;(ii^) are r-compatible, i.e. after identification of E\m\k and 
fEE'\M'\K iiolds 

[/|;V'^',r] = 0, [r-',r]+ = 0. (9.8) 
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We call E\m\k and E'\m'\k' r-compatible. Then, according to section 8, 

tr (r(e-*^'P - e-*(^*^*^'^^)'p')) (9-9) 

makes sense. 

Theorem 9.1 Let {{E,h,V^) — > {M'',g),T) e CL,B^'"(/, P^) be a graded 
Clifford bundle, k > r > n + 2. 

a) //V'' e compi'''(V) C C]f{Bk), V t -compatible, i.e. [V, r] = then 

tr (T(e-*^' - e-*^")) 

is independent oft. 

b) //£" e gencomp^''"^"^^yj.gj(£^) is r-compatible with E, i.e. [r,X-']^ — for 
X e TM anc? [V, r] = 0,' t/ien 

tr (r(e-*^'P-e-*(^*^*^'^^)>')) 

is independent oft. 

Proof, a) follows from our 6.1 and 5.1 in [2]. b) follows from our 9.2. □ 

Proposition 9.2 If E' e gen comp]^'^^ jj^^^i{E) and 

T{e-*^^P - e-*(f^***-°'*'^)'p') 

are for t > of trace class and the trace norm of T{e~^^^ D — 
^-^t(irt*D tU) [jj* i* £)' iJj)) is uniformly bounded on compact t-intervals 
[oo, Qi], Qo > 0, then 

is independent oft. 

Proof. The assumptions of 5.1 in [2] are much more restrictive then ours 
here. Nevertheless, the main idea of the proof carries over to here. We 
sketch the proof. Let {(pi)i be a sequence of smooth functions e C^{M \ K), 
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satisfying sup \ d(pi\ — > 0, < (pi < and (pi — > 1. Denote by Mj the 

j— >oo i— >oo 

multiplication operator with (pi on L2((M \ K, E\M\K),g, h). We extend Mj 
by 1 to the complement of L2{{M \ K, E),g, h) in H. We have to show 

4tr T(e-*^> - e-*(f^*^*^'^^)'p') = 0. 
^-tD"^ p _ ^-t{u*i*D'iuY pi jg trace class, hence 

tr r(e-*^> - e-*(^*^*^'^^)>') = lim tr TM,(e-*^> - e-*(^*^*^'^^)>')M,- 



Mj restricts to compact sets and we can differentiate under the trace and we 
obtain 

-^tr TM, (e-*^> - e-*(^*'*^'^^)'P')^.- = 

= -^tr r(M,[/*(e-*(^^^*)> - e-*^*""''^" P')U = 

= -tr T{U*Mj{e-"^'''^^*^\UDU*y - e-'^'^''^\eD'if)MjU) 

Consider tr r(f/*Mj(e-*(™*)'(f/Df/*)2M^f/) = ii rMjC-*^^ D'^Mj. Ac- 
cording to [2], tr T{Mje~^^^ D^Mj) = tr Mj grad ipi -rDe'^^^ . Quite similar 

tr T{Mj{e-'^''''''^\i*D'if)Mj) = 

= tr ii*Di)e-'^^*''''^"pjT^je-'^^*''''^\irD'i) = 
= tr e-|(^*^'^)'(rL''i)^5Te-|(^*^'^)'(rL''i) = 
= tr e-t(^*-°'^)'i*(2(^,- grad V,' •' +Vp')ire-'^^'*''''^" (eD'i) = 
= tr 2i*M,- grad 'pj ■' tr^* D't)e-'^'*''''^' - tr rMje-'^'*''''^' (i*D'iyMj, 
hence 

tr r(M,e-*(**^'*)'(z*D'z)2M,) = tr M,z* grad ir(i*L''i)e-*('*^'')' 
and finally 

-^tr TM,-(e-*^> - e-*(^*^*^'^^)'P')M, = 

= tr tMjI grad 99,- • e"*^'/^ - grad 'pj ■' e-'^^''*'^''^'^\UH* D'tU)] = 

= tr tM,[( grad pj - grad Vj) ■ e'^^' + grad Vj( + 

+ grad V,- (e-*""' - e-*(^*'*^''^)'(C/*f D'zt/))]. 
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But this tends to zero uniformly for t in compact intervals since grad (pj, 
grad do so. □ 



We denote = 

n-f ^ H-( ^ \-( Q'Q'' V n2 

^~\Q- H- )-[ Q+Q- j - ^ ' 

(9.10) 

g/± ^ u*i*D'^iU = (U*i*D'iU)^, Q', H' analogous, assuming (9.3) - (9.5) 
as before and ■', V r-compatible. H, H' form by definition a supersymmetric 
scattering system if the wave operators 

W^(H,H') := lim e'^^e'^"' ■ Pa^(H') exist and are complete (9.11) 
and 

QW^{H, H') = W^{H, H')H' on Vh' n K,{H'). (9.12) 

Here Pac{H') denotes the projection on the absolutely continuous subspace 
Kc(^') C 7i of H'. 

A well known sufficient criterion for forming a supersymmetric scattering 
system is given by 

Proposition 9.3 Assume for the operators graded QiQ' (= supercharges) 
and 

are for t > of trace class. Then they form a supersymmetric scattering 
system. □ 



Corollary 9.4 Assume the hypothesises of 9.1. Then D, D' or D, U*i*D'iU 
form a supersymmetric scattering system, respectively. In particular, the 
restriction of D, D' or D, U*i*D'iU to their absolutely continuous spectral 
subspaces are unitarily equivalent, respectively. □ 
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Until now we have seen that under the hypothesises of 9.1 

ind(L', D') = tr r(e-*^'P - e-*^'V'), (9.13) 

D' — D' or D' — U*i*D'iU, is a well defined number, independent of t > 
and hence yields an invariant of the pair (E,E'), still depending on K,K'. 
Hence we should sometimes better write 

md(D,D',K,K'). (9.14) 

We want to express in some good cases ind(Z^, D', K, K') by other relevant 
numbers. Consider the abstract setting (9.10). If inf (Te(i^) > then indD := 
indD+ is well defined. 

Lemma 9.5 // e~^^p — e~*^' P' is of trace class for all t > and 
miae{H),miae{H') > then 

lim tr T(e-^"P - e'^"' P') = indg+ - indQ". (9.15) 

t— *oo 

This is just theorem 5.2 in [2]. □ 
We infer from this 

Theorem 9.6 Assume the hypothesises of 9.1 and inf (Je(£'^) > 0. Then 
mia^{D''^)Mia^{U*i*D'iUf > and for each t > 

tr T(e-*^' - e-*^'') = indL>+ - indL''+. (9.16) 

Proof. In the case 9.1. a, inf ae{D'^) > follows from 3.15 and (9.16) then 
follows from 9.5. Consider the case 9.1.b. We can replace the comparison of 
ae{D^) and ae{{U*i* D'iUf) by that of a^iUD'^U*) and ae{{i*D'if). More- 
over, for self adjoint ^4, ^ (Jei^) if and only if vcdae{A^) > 0. Assume 
^ UeiUDU*) and G ae{i*D'i). We must derive a contradiction. Let 
be a Weyl sequence for G ae{i*D'i) satisfying additionally |"^*jy|L2 = 1? 
supp C M\K = M' \K' and for any compact LcM\K = M'\K' 

\^.\l,(m\l 0. (9.17) 
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We have lim i*D'i^i, — 0. Then also hm D'^^ — 0. We use in the sequel 

i^— >oo >oo 

the following simple fact. If f3 is an L2-function, in particular if f3 is even 
Sobolev, then 

\/3-^,\l,^0. (9.18) 
Now {UDU*)^^ = {UDU* - D')^^ + Here D'^^ — > 0. Consider 

i^— »oo 

{UDU* - D')^^ = {a-2Da--2 - D')^^ = {-^^ ■ +D - D') Assume 
a^l. Then = \^^\ e QP^'^^i{T{M\K)) satisfies the assumptions above 
and 



lim 

i^— >oo 



grad a 



2a 



= 0. 



(9.19) 



L2 



If q; = 1 this term does not appear. Write, according to ( 7.9) - (7.12), 

{D - D')$. = vT^. + + vT^.. (9.20) 



fik d 



is bounded (we use a uniformly locally finite cover by normal charts, 

an associated bounded decomposition of unity etc.). (3 — | V — V'| is Sobolev 
hence L2 and by (9.18) 



Li 



0. 



(9.21) 



Now IV'i'.U, < Ci(|$,|i, + \d^,\li) < C2(|$.U, + \d'<^u\l,). g-g' is 

Sobolev, hence, according to (9.18) with (3 — \g — g'\, \\g — g'\ • ^i,\l2 — ^ 
and finally \\g - g'\- D'^^\l^ — > 0. This yields 



0. 



(9.22) 



We conclude in the same manner from • — •' Sobolev and |V'$i/|l2 ^ 



L2 



\D'^ 



y\L2. 



that 



L2 



0. 



(9.23) 



(9.19) - (9.23) yield {UDU*)<i>^ — ^ 0, e ae{UDU*), miae{D^) = 0, 
a contradiction, hence ini ae{{U*i*D'iU)'^) > 0, mi ae{{i* D'i)'^) > 0, ^ 
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a^ii^D'i), ^ CTeiD'), inf (7e(L>'^) > 0. We infer from 9.2 and 9.5 that for 
t > 

tr re-*^' - e-*(^*^*^'^^)' = mdD+ - md{U*i*D'iUy . (9.24) 

We are done if we can show 

md(U*i*D'iU)+ = indD'+. (9.25) 

$ e kcT{U*i*D'iUy means {U*i*D'iU)+<^> = {U*i* D'iU){xK'^ + 
U*i~^XM'\K'^) = XK'D'^^ + U*i*XM'\K'D'^^ = 0. But this is equivalent to 
= 0. Similar for D'~ . (9.25) holds and hence (9.16). □ 

It would be desirable to express ind(D, D', K, K') by geometric topological 
terms. In particular, this would be nice in the case info"e(D^) > 0. In the 
compact case, one sets indaD := indaD"'" = dimkerD+ — dimker(Z}+)* = 
dimkerD"*" — dimkerD" = lim tr re~*^ . On the other hand, for t ^ 0'^ 

there exists the well known asymptotic expansion for the kernel of re~*^ . 
Its integral at the diagonal yields the trace. If tr re~*^ is independent of 
t (as in the compact case), we get the index theorem where the integrand 
appearing in the L2-trace consists only of the i-free term of the asymptotic 
expansion. Here one would like to express things in the asymptotic expansion 
of the heat kernel of e^*-^ instead of e^*^^*^*^ . For this reason we restrict 
in the definition of the topological index to the case E' G comp]f^jjr p[E) 

or E' e comp]]^j!^jj:^p^^^i{E), i.e. we admit Sobolev perturbation of g,'V'^,- 
but the fibre metric h should remain fixed. Then for D' = D{g', h, V'^ •') 
in L2{{M,E),g,h) the heat kernel of e-*(^*-°'^)' = We'^^'^U equals to 
a{q)~^W' {t, q,p)a{p)^ . At the diagonal this equals to W'{t,m,m), i.e. the 
asymptotic expansion at the diagonal of the original e"*^' and the trans- 
formed to L2((M, E),g, h) coincide. 
Consider 

irTW{t,m,m) ~ r'^h_^{D,m)^ h6o(-D, m)H (9.26) 

and 

TW'{t,m,m) - rt6_n(L>',m) H h6o(^',^)H ■ (9-27) 
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We show in the next section that 

Tl 

bi{D, m) - bi{D\ m) e Li, <i< 1. (9.28) 

Define for E' e gen comp]^'^^ jf p,{E) 

mdtop{D, D') := j bo{D, m) - bo{D', m). (9.29) 

M 

According to (9.28), mdtop{D, D') is well defined. 

Theorem 9.7 Assume E' e gencomj^Ydi] f f reii-^) 

a) Then 

md{D,D',K,K') = J bo{D,m) - J bo{D',m)+ (9.30) 

K K' 

+ J bo{D,m)-bo{D',m). (9.31) 

M\K=M'\K' 

b) If E' e gencomp]l'^^jj p{E) then 

md{D, D') = indtop(L', D'). (9.32) 

c) If E' e gencomp]^'^^^f p{E) andMae{D'^) > then 

mdtop{D, D') = indaD - ind^L*'. (9.33) 

Proof. All this follows from 9.1, the asymptotic expansion, (9.28) and the 

fact that the L2-trace of a trace class integral operator equals to the integral 

over the trace of the kernel. □ 



Remarks 9.8 1. If E' e gencomp]^^^jj^ ^.^^{E), g and g', and V''^, ■ and 
coincide in V = M \ L = M' \ L' ,'l 6 K , L' ^ K', then in (7.4) - (7.53) 
a — 1 and the ?7's have compact support and we conclude form (8.38), (8.39) 
and the heat kernel estimates in section 5 that 

J \W{t,m,m)-W'{t,m,m)\dm<C-e-'^ (9.34) 

V 
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and obtain 



ind(D, D', L, L') = J bo{D, m) - j bo{D', m). (9.35) 

L U 

This follows immediately from 9. 7. a. and (9.35) and contains corollary 5.2 
in [2]. It is one of the main results in [17]. 

2. The point here is that we admit much more general perturbations than 
in preceding approaches to prove relative index theorems. 

3. inf cre(i^^) > is an ivariant of gexicomj^Ydiff f{^)- ^ ^ 
reference point in gen comp^^j p{E) then 9.7.C enables us to calculate the 
analytical index for all other D^s in the component from indD and a pure 
integration. 

4. inf ae{D^) > is satisfied e.g. if in D'^ — W*V+TZ the operator TZ satisfies 
outside a compact K the condition 

n>Ko- id, Ko > 0. (9.36) 

(9.36) is an invariant oi gencom'p]f^jj: p{E) (with possibly different K, kq). 

□ 



It is possible that indD, indD' are defined even if e ae- For the corre- 
sponding relative index theorem we need the scattering index. 

To define the scattering index and in the next section relative ^-functions, 
we must introduce the spectral shift function of Birman/Krcin/Yafaev. Let 
A, A' be bounded self adjoint operators, V = A — A' of trace class, R'{z) — 
[A' — z)~^. Then the spectral shift function 

^(A) = ^(A, A, A') := TT-^ lim arg det(l + VR'{X + ie)) (9.37) 
exists for a.e. A e M. ^(A) is real valued, e i^i(M) and 

tr {A - A') = J ^{X) dX, \^\l,<\A-A'\i. (9.38) 

If I{A, A') is the smallest interval containing a{A) U (j{A') then ^(A) = for 
X^IiA,A'). 
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Let 

g = {f \ f eL^ and J \f{p)\{l + \p\) dp < 00} . 

Then for (p E <p{A) — (p{A') is of trace class and 

tr {^{A) - ^{A')) = J (^'(A)e(A) dX. (9.39) 

R 

We recall proposition 2.1 from [19]. 

Lemma 9.9 Let H, H' > 0, selfadjoint in 7i, e^*^ — e^*^' for t > of trace 
class. Then there exist a unique function ^ = ^(A) = ^(A, H, H') G Li^ioci^ 

such that for > 0, e~*^{(A) e Ivi(M) and the following holds. 

00 

a) tr (e-*^ - e"*^') = -t ] e-'^i{\) dX. 



b) For every (p & Q, <f{H) — <f{H') is of trace class and 

tr {ip{H) - ip{H')) = J ip'iXm) dX. 

R 

c) ^(A) = /or A < 0. □ 

We apply this to our case E' G gencomp^''^^^^^gj(£'). According to 9.4, D 
and U*i*D'iU form a supersymmetric scattering system, H = D^, H' — 
{U*i*D'iUf. In this case 

e2-«(^'^'^') = det5(A), 

where S = {W+)*W- = /-5(A) dE'{X) and H'^^ ^ J X dE\X). 

Let Pd{D), Pd{U*i*D'iU) be the projector on the discrete subspace in H, 
respectively and Pc — 1 — Pd the projector onto the continuous subspace. 
Moreover we write 

^'=(T H-)^ m*DWr=(^^^ ^°_). (9.40) 
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We make the following additional assumption. 

e-*^'Prf(D), e-^^^'''''^''^^'PdiU*i*D'iU) are for t > of trace class. (9.41) 
Then for t > 

is of trace class and we can in complete analogy to (9.37) define 
f (A, H^, H'^) -TT lim argdet[l + (e-*^*Pe(i^^) - e-*^'*Pe(^'^)) 

{e-*"'^ Pc{H'^) - e-^* - ie)-^] (9.42) 

According to (9.38), 

oo 

tr {e-'"^P^{H^) - e-'"'^ P^{H'^)) ^ -t J C{\ H^, H'^)e-'^ dX. (9.43) 



We denote as after (9.13) D' = D' in the case V' £ comp^'''(V) and D' = 
U*i*D'iU in the case E' e gencomp]^'^^jj:,^^i{E). The assumption (9.41) 
in particular implies that for the restriction of D and D' to their discrete 
subspace the analytical index is well defined and we write mda^d{D, D') — 
mda,d{D) - \nda,d{D') for it. Set 

n^(A, D, D') := -^(A, H+, H'+) + ^(A, H'-)- (9-44) 



Theorem 9.10 Assume the hypothesises of 9.1 and (9.4.1)- 
Then rf{\ D, D') — rf{D, D') is constant and 

md{D, D') - ind„,d(D, D') = n%D, D>). (9.45) 

Proof. 

ind(L',^') = tr T(e-*^'P - e-*^'V') = 

= tr re-'"'' Pd{D)P - tr re''^'' PdiD')P' + 
+tr T{e-'^'P,{D) - e-'^'" P,{D')) = 

oo 

= ind„,d(P), D')^t J e-*V(A, D, D') dX. 
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According to 9.1, md{D,D') is independent of t. The same holds for 
mda,d{D,D'). Hence t f e~*^rf{\D,D') dX is independent of t. This is 



oo _ 

possible only if J e~^^rf{\, D, D') d\ — \ ox rf{\, D, D') is independent of 



A. □ 



Corollary 9.11 Assume the hypothesises of 9.10 and additionally 
inf (Te(L'2|(kerD2)^) > 0. Then n%D,D') = 0. 

Proof. In this case mda,d{D , D') — indD — indD' — md{D,D'), hence 



10 Relative ^"functions, ry— functions, deter- 
minants and torsion 

Assume E' e gencomp]^'^^^^p{E). Then we have in L2{{E , M) , g , h) the 
asymptotic expansion 

tr W{t, m, m) ^ ~^ r (m) + r + . . . (10.1) 

and analogously for tr {m)W' {t, m, m)a^ (m) — tr W'{t,m,m) with 

6_|+i(m) =b_^+i{D{g,h,V),m), 6'_n^;(m) = b_^+i{D{g',h,V),m). 

Here we use that the odd coefficients vanish, i.e. terms with i~t+^ , +1 etc. 
do not appear. The heat kernel coefficients have for Z > 1 a representation 

/ k 

= v^ii?^...v^«i?^tr (v^«+li^^...v''=i^^)C'l'■■■'^^ 

k=l q=0 ii+i2+-+ifc=2(/-fc) 

(10.2) 

where C**!' "'**^ stands for a contraction with respect to g, i.e. it is built up by 
linear combination of products of the g''^, gij. 
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Lemma 10.1 6_n+; - 6'_„^^ e Li{M,g), 0<l< 

Proof. First we fix g. Forming the difference h-nj^i — b'_n_^_i, we obtain a 
sum of terms of tfie kind 

V''R^ . . . V'-'R^ tr [V'-'+'R^ . . . V^'=i?^ - V'-'+'R'^ . . . V'''R'^]C'^'-''''. 

(10.3) 

Tlie liigliest derivative of R'^ witli respect to occurs if q = k,ii = ■ ■ ■ = 
iq-i — 0. Tfien we fiave 

^y9)2i-2fc^S_ (10.4) 

By assumption, we liave bounded geometry of order > r > n + 2, i. e. of 
order > n + 3. Hence (V^)*-R^ is bounded for i < n + 1. To obtain bounded 
V-'-R^-coefficients of [. . . ] in (10.3), we must assume 

n + 3 

2l-2<n + l, l<^—. (10.5) 

Similarly we see that the highest occuring derivatives of i?^, i?'^ in [. . . ] are 
of order 21 — 2. The corresponding expression is 

R^^'^I-'^rE _j^E^m-2^E ^ (i?S_i?'^)(v2'-2i?^) 

+i?'^(V''-'i?^- V'-'i?'''). (10.6) 

We want to apply the module structure theorem. V — V G ^^^'^'''(^^^ V) = 
Qi'i'''(^f V') imphes R^ - R'^ e can apply the module struc- 

ture theorem (and conclude that all norm products of derivatives of order 
< 2/ - 2 arc absolutely integrable) if 2/ - 2 < r-1, 2/ - 2 < n + 1, 
/ < Hence, (10.5) G Li since R^ , R'^, C'^-'^ bounded. It is 

now a very simple combinatorial matter to write [. . . ] in (10.3) as a sum 
of terms each of them is a product of differences (V'R^ - V'R!^) with 
bounded functions V^i?^, V^' R'^ . Remember V,V' G ^^(5^). Admit 
now change of g. Wc write W'^R^ ■ ■ ■ V'^R^tr {W'^+^R^ ■ ■ ■ V''=i?^)C^i'-'^'= as 
7^H^)tr V?{h,V)C{g), similarly n^{g')tr n^{h,V)C{g'). Then we have to 
consider expressions 

n\g)ii n\KV)c{g) - nHcj)tv 'n\h,V)C{g') = 

= [n\g)-n\g')]tv n\KV)C{g) + 
+n\g')tT n\h,V)[C{g)-C{g')] 
+n\g)tr [n\h,V)-n\h,V)]C{g'). 
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But each term [. . .] £ -^1(5') and the others are bounded what we infer as 
above. This proves 10.1. □ 



Lemma 10.2 There is an expansion 

(10.7) 



Proof. Set 



"-?+^ = / (^-§+i("^) - ^-f d'>TT' (10-8) 



and use 



. . n ?^ _i_r 1 

tr Vl^(i,m,m) = 2 H h t~^^^~^b_n^^n±3^ + 

+0(m,rS+[^l+^), (10.9) 
tr W^'(i,m,m) = rt6'_„ + • • • + 0'(m, rt+['^l+^) (10.10) 

tr (e-*-D' - e-*(^*-^'^)') = J (tr W{t,m, m) -ti W'{t,m,m)^ dm. 
Using lemma 10.1, the only critical point is 



M 



(10.11) requires a very careful investigation of the concrete representatives 
for 0(m,rt+['^l). We did this step by step, following [16], p. 21/22, 66 
- 69. Very roughly spoken, the m-dcpcndcncc of 0{m, •) is given by the 
parametwise construction, i. e. by differences of corresponding derivatives 
of the rf^, r'f^, which are integrable by assumption. □ 



Definition. Assume E' G gcncomp]^''^"^j^^^(ii^). Set 

1 

Ci(s, {WD'Uf) / t'-Hr (e"*^' - e'^^^*^'^)') dt. (10.12) 

1 \s) J 
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Using 10.7, 



-i- / t^-^0(rt+['^l+i) holomorphic for Re (s) + {—) + [^^^] + 1 > 
i ys) J Z Z 



(10.14) 

and [^^] > I + 1, we obtain a function meromorphic in Re(s) > —1, 
holomorphic in s = with simple poles at s = | — Z, Z < [^^]. 

oo 

Much more troubles causes the integral J. Here we must additionally assume 

1 

fie{D) = inf aep=^|(kerD2)x) > 0. (10.15) 

(10.15) implies /ie(^'^) = mi a^HU* D'Uf\(^i,^,(^u*D'u)^)^) > 0. Denote by 
fj,Q(D^), i^o{D'^) = Ho{{U*D'Uf) the smallest positive eigenvalue of D^, D'^ 
respectively and set 

//(£>") = minK(i^"),//o(i^")}, 
f^{D^,D'^) := min{At(L>2),//(D'')} >0. (10.16) 

If there is no such eigenvalue for D"^ then set fJ'iD'^) = /Xe(-D^), analogous for 
D'^. D^, {U*D'Uf have in ]0, n{D^, D'^)[ no further spectral values. 

We assert that the spectral function ^(A) = ^{X,D'^, {U*D'UY) is constant 
in the interval [0, //(D^ D'^)/2[. 

Consider the function uJe{x) = < ^ l"^! — ^ and choose s. t. 

[ \x\> s 

J uj^{x) dx = 1. Let < < I and X[-5-2e,5+2e] the characteristic func- 
tion of [—S — 2e,S + 2e]. Then ips^e := X[-5-2£,<5+2e] * i^e satifies < y^^^e < 1, 
(ps,s{x) = 1 on ips,six) = for x ^]-d-3s,d + 3s[, cp'^^^ < K-e'^ 
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and lim lim (px^ — 5— distribution. Assume 5-\-?>e < A regular distribution 

/ e — |, |[) equals to zero if and only if (/(A), ^^(A — a) sin(A;(A — a))) — 
0, (/(A), We(A — a) cos(/c(A — a))) = for all sufficiently small e and all a 
(s.t. |a| + e < ^ ) and for all k. ([22], p. 95). This is equivalent to 
{f,Ws{X — a)) = for all sufficiently small e and a and the latter is equiva- 
lent to (/(A), (ps,e - ^S',e) = for all S, S' and all e (s.t. S+3e, S'+3e < f ). We 
get for II = //(L>2, < 3s < f , 5+3£ < f that (ps,s{D^)-^PsA(U*D'Uy) 
is independent of S,e, tr ((y95e(D^) — ips ei^iU* D'UY)) is independent of 5, e, 

= tr ((^5,.(L'2^ - (^5,,(([/*L''C/)2)) -'tr {^5',e{D^) - ^s' ,e{{U* D'Uf)) = 
i± 

2 

/ (¥'5,£~<^5',£)'('^)^('^) ^^'^j the distributional derivative of ^ equals to zero, 



^(A) is a constant regular distribution. We write .^(A)|[o,£[ = tr {ips,s{.D'^) — 
^5,e{iU*D'Uf)) = -h. Set quite parallel to [19] f(A) := ^(A) + h which 

_ oo oo _ 

yields f (A) = for A < f and -t J e-*^^{X) dX = h - J e"*^! (A) dX. The 

Ml 

2 

latter integral converges for i > and can for i > 1 estimated by 

oo 

e"*^ J ll(A)|e-*^ dA<Ce-*4. 

E 
2 

Hence we proved 

Proposition 10.3 Assume E' e com\)Y^,^j^^p[E), inf o'e(-D^|(kcrD2)i) > 
and set h — tr {ips^elD"^) — (ps,e{{U*D'U)'^)) as above. Then there exist c > 
s.t. 

/i + 0(e-^*). (10.17) 

□ 



^-tiU'D'ur^_^-^ ds. (10.18) 

Then (2(8, D'^, D'"^) is holomorphic in Res < and admits a meromorphic 
extension to C which is holomorphic in s = 0. 



Define for Re s < 



00 



-tD^ 

r le ^ 
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Define finally 

oo 

as, D") ^ / ^^-^[tr (e'*^^ - e-*(^*^'^)^) - h] dt 



1 

= C,{s, D\ D'^) + Us, D\ D") - ^ / t'-'h dt 



r(s + 1) 

We proved 

Theorem 10.4 Suppose E' G gcncomp}^'''^"^^j^(i?), inf (Te(-D^|(kcrD2)-L) > 
and set h as above. Then ^(s, D^, D'^) is after meromorphic extension well 
defined m Res > —1 and holomorphic in s — 0. □ 

We know from QFT that functional integrals of the type 

dip (10.20) 

A 

play a decisive role. It is very difficult to give a reasonable sense to (10.20). 
An oftcnly used kind to do this is to define - in analogy to the GauB integral - 
(10.20) by the regularized determinant det H = e^'' (^'^)^ where (^(s, H) is the 
zeta function of H. This makes sense if ({s, H) is defined and holomorphic 
at s = 0. Exactly spoken, this is for open manifolds very rarely the case and 
definitely wrong for underlying manifolds satisfying (J) and {Bk). We are 
now able to rescue this situation by considering relative determinants, 

det{H,H') := e-^'^'^'^'^'). (10.21) 

If E',E" e gencomp^'_'J^^^_p(£;) then we denote as above D'^ = {WD'Uf, 
D" — {y*D"VY for the transformed operators acting in L2((M, E),g, h). 

Theorem 10.5 Suppose E',E" e gencomp^''"^"^y^^(£^) and inf cr(D^|(keri32)-i-) 
> 0. 
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a) Then C(s,D^,D' ), C{s,D^,D" ), C(s,D' ,D" ) are after meromorphic 

extension m Res > —1 well defined and holomorphic in s = 0. In particular 
detiD^,D'^) = e-C'(o.^^^''), det{D^,D"^) = e-^'(°'^''^'"'), det{D'\ D"^) = 
g-C'{o,-D' ,D" ) y^g^^ defined. 

b) There holds 

det{D'\ D^) = det(^>^ D'V^ (10.22) 

etc. and 

det(L>^ = det{D^, D>^) ■ dei{D>\ D"^). (10.23) 

Proof, a) follows from 10.4 and the fact that E, E" e gen comp(ii^) implies 
E" e gencomp(E')(= gen comp(£')). 

b) immediately follows from the definitions and tr (e~*-^ — e~*^" ) = 
tr (e-*^' - e-*^'') + tr (e"*^'' - e"*^'"'). □ 

If we now restrict to the case E — (A*T*M (8)C, qa) then, as we have seen 
already in section 7. g' G gcncomp^'''"'"^((yf) does not imply E' — {A*T*M (S> 
G,g'jy) G gen comp]^'^j J p{E) since the fibre metric changes, g\ — > g'j^. Hence 
the above considerations for constructing the relative (^-function arc not im- 
mediately applicable. Fortunately we can define relative C^functions also in 
this case. We recall from [16], p. 65 - 74 the following well known fact which 
we used in (10.1), (10.2) already. Let P be a self adjoint elliptic partial 
differential operator of order 2 such that the leading symbol of P is posi- 
tive definite, acting on sections of a vector bundle {V,h) — > {M'^^g). Let 
Wp{t,p,m) be the heat kernel of e~*^, t > 0. Then for t — > 0+ 

tr Wp{t, m, m) ~ (m) -\- i~^+^6_|+i(m) H 

and the 6y(m) can be locally calculated as certain derivatives of the symbol of 
P according to fixed rules. As established by Gilkey, for P = A or P = the 
6's can be expressed by curvature expressions (including derivatives). This is 
(10.1), (10.2), (10.3). We apply this to e"*^ and e-*(^*^*^'*^) but we want to 
compare the asymptotic expansions of Wa(^,?7t., m) and W/^i{t,m,m). The 
expansion of 

Wi*^,i{t, m, m) in L^^g', gK*) (10.24) 
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and 

WuH*A'iu{t, m, m) in L2{g, g^*) (10.25) 

coincide since 

Wu*i*A'iu{t-,rn,m) = a'^m)Wi*A'i{t,m,m)a^m). (10.26) 
The point is to compare the expansions of 

Wi*A'i{t, m, m) in L2{g\ gA*) (10.27) 

and 

WA'{t,m,m) in L2ig',g'^,), (10.28) 

i.e. we have to compare the symbol of i*A'i = i*A' and A'. For g = 
they coincide. Let q = 1, m E M, cui, . . . ,uJn a basis in T^M, $ G Q^{M), 
A'^lm = + - ■ ■+C'^uJn. Then, according to (7.55) i*(A'$i)|^ = g^^g'^^i^'^h 
i.e. 

((r - 1) a;$) U = {g''g[uC - ew (10.29) 

Hence for the (local) coefficients of i*A'i as differential operator holds 

coeff of (i*A;i) = {g^^g'ik) coeff of (A'J. (10.30) 
Quite similar for < g < n, e.g. 

coeff of (z*A'2z) = {g'^'^g'^'^g'^.k^gU.) coeff of (A^). 



Proposition 10.6 Let r > n + 2, g' e comp^'''+^(5(), / < 
b^n^i(A{g,gA'),g,gA',m) and b_ii+i{U*i* A\g' ,g'^,)iU,g,gA*) the co- 
efficients of the asymptotic expansion of ii g^^WAit^m^m) and 
tr g^^Wu*i*Aiiu{t, 171,171) in L2{M, g), repectively. Then 

h_n+i{A, g, gA*,m) - h^n^i{UH* A'iU, g, gA*,m) e Li(M, g). (10.31) 
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Proof. Write 



b-^+ii^,g,gA*,m) - b_R+i{U*eA'iU,g,gA*,m) 
^b-n^i(A,g,gA*,m) - b-^+i{A' , g' , g'j^.,m) + 
+b-^+i{^',g',g'A*,m) -b_ii+i(i*A'i,g',gA*,m) + 

+b^!i+i{i*A'i,g',gA',m) - b^^+i{U*i* A'iU, g, gA-,m) 



(10.32) 
(10.33) 
(10.34) 



where b-^+i{A' , g' , g'j^,,m), b_^+i{i*A'i, g' , gA*) are explained in (10.28), 
(10.27), respectively. (10.34) vanishes according to (10.26). (10.32) e 
Li{M,g) according to the expressions (10.2) and g' e com.-p^^'^ [g) . We 
conclude this as in the proof of 10.1. Finally (10.33) e Li according 
to i*A'i = {i* - 1)A' + A', coeff {i*A'i) = coeff {i* - 1) + coeff (A'), 
{i* — 1) G n°'''(End (A*)), the rules for calculating the heat kernel expan- 
sion and according to the module structure theorem. □ 



Theorem 10.7 Let {M"-,g) be open, satisfying (/), (i?fc), k > r + 1 > n + 
3, g' G comp^'^~^^{g) , A = A{g,gA*), A' = A{g',g'^,) the graded Laplace 
operators, U, i as in (7.54), assume inf (Te(A|(fcg^^)x) > 0. 
a) Then for t > 



b) Denote /i = tr {(psA^) - V5,e{U*i* ^iU)) /or < 3s < f , 5 + 35 < f , 
// = mi{nonzero spectrum of A,i*A'i}. Then 



has a well defined meromorphic extension to Re (s) > — 1 which is holomor- 
phic in s — 0. 

c) The relative analytic torsion t"'{M"', g, g'), 




is of trace class. 



oo 








n 




(10.35) 



q=0 



is well defined. 
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Proof, a) is just theorem 7.9. b) immediately follows from 10.6 and the 
proof of 10.4. c) is a consequence of b). □ 
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It is very easy to provide many classes of Examples. 

1) Let {H'^\,gff2k) = (M^'^jdr^ + {sinh ry da g2k-i) be the 2A;-dimensional 
real hyperbolic space and (M^'^,5r') such that g e comp^''^'^^{gfj2k). Then 
t"'{H^\, gfj2k^, g') is a well defined important non local relative invariant for 
the pair {H%{M.^'',g')). 

2) This can be e.g. generahzed to finite connected sums {M'^^,g) — 

f ra m \ f ra \ 

i^^H%g^H'_\j and g' e comp''^+' [^gn^j^.j- 

3) A further generalization is {M'^^,g) = (compact topological and metrical 

m 

perturbation of i^H'^\, gM2k), g'j^ G com.p^'^^^{gM)- 
1 

4) Still more general manifolds {M'^^,g) which fall into the domain of 10.7 
are those with warped product metric at infinity satisfying the assumptions 
of 10.7 which can in this case easily be controlled. 

5) Multiplication by 5^ yields odd dimensional examples. □ 

Finally we turn to the relative ?7-invariant. On a closed manifold {M"',g) 
and for a generalized Dirac operator the 7y-function is defined as 

oo 

XeaiD) ^^ — ■^i 

tid{s) is defined for Re (s) > n, it has a meromorphic extension to C with 
isolated simple poles and the residues at all poles are locally computable, 
r • ?7d('S) has its poles at ""''^"'^ for i/ e IN. One cannot conclude 

directly rj is regular at s = since r{u) is regular a,t u — ^, i.e. F (^) 
is regular at s = 0. But one can show in fact using methods of algebraic 
topology that ri{s) is regular at s = 0. A purely analytical proof for this is 
presently not known (cf. [16], p. 114/115). 

(10.36) does not make sense on open manifolds. But we are able to define 
a relative ?7-function and under an additional assumption the relative r)- 
invariant. De~*^ is an integral operator with heat kernel DpWD{t,m,p) 
which has at the diagonal a well defined asymptotic expansion (cf. [16], p. 
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75, lemma 1.9.1 for the compact case) 

tr DpW{t,m,p)\p=rn '^b_n+i{D^,D,m)t^. (10.37) 

i>o ^ 

In [3] has been proved that the heat kernel expansion on closed manifolds 
also holds on open manifolds with the same coefficients (it is a local matter) 
independent of the trace class property. The (simple) proof there is carried 
out for e"*^', tr W{t, m,m), but can be word by word repeated for De , 
DW{t,m,m). The rules for calculating the b -,i+i (D"^. D, m) are quite si- 
milar to them for b -n+i (D, m) (cf. [16], Lemma 1.9.1). We sum up these 
considerations in 

Proposition 10.8 Let E' e gencomp]^'''^|^^^(£^), r + 1 > n + 3. Then for 
t>0 

e-'^^'D e-*(^*^*^'^^)'([/*z*D'z[/) (10.38) 
is of trace class, for i ^ 0+ there exists an asymptotic expansion 

n+3 



tr (e-*^'^ - e-'^^*'*'''''^^\U*i*D'iU)) = ^ a^{m) dvolm{g)t^ + o{t) 

(10.39) 



Proof. The first assertion is just theorem 7.10. (10.39) can just be derived 
as proposition 10.6. □ 

We recall from [19] the following 

Proposition 10.9 Assume that D and D' = U*i*D'iU satisfy (10.37), 
(10.38) and that the spectra of D and D' have a common gap [a,b], 

^(7(D) U a{D')^ n [a, b] — 0. Then there exists a spectral shift function 
^(A) = ^ ^A, D, D'^ having the following properties. 

C e Li^ioM) and ^(A) = for \ e [a, b] . (10.40) 
2. For all (p e C^(M), (p{D) — ^{D') is a trace class operator and 

tr L{D) - v{D')) = J ^'(A)e(A) dX. (10.41) 

V / TO 
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3. tr fe-*^'L>-e-*^ 



^ TO 



(10.42) 

□ 



Proposition 10.10 ^ss'ume i?' G gen comp^''^jy;y(£^) and inf(Je(I^ | (fcerD^ ) J- ) 
> 0. Then there exists c > s. t. 



ct\ 



;i0.43) 



Proof. We conclude as in the proof of 10.3 that there exists > s. t. 
a{D) n a{i*D'i) D {[-fx, -i] U [i, /x]) = for all u > vq. Hence, according to 

(10.40), / |(Ae-*^')C(A) ciA = and 



Itr (e-*^^D-e-*(^*^*^'^^)'^ 



e-*^|l 



oo 

2a||C(A)| d\ + j e-^^\l-2t\\\i{\)\ dX 



□ 



Theorem 10.11 Assume E' e gencomp^'''+^(E), A;>n + l>n + 3 anc? 
inf (7e(D^|(feer-D2)-L) > 0. Then there is a well defined relative rj-function 

oo 

^{s,D,D') := — ^ /" tr (L'e-*^' - C/^fi^'iC/e-^^^*^*^'^^)') 

(10.44) 

which is defined for Re s > | anc? admits a meromorphic extension to Re s > 
—5. is holomorphic at s — if the coefficient J a_i{m) dvolm{g) of t~^ 
equals to zero. Then there is a well defined relative rj-invariant of the pair 
{E,E'). 
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Proof. We write again U*i*D'iU = D'. Then according to (10.38), 

OO r I o 
1 f f 
ri{s,D,D') = ^rppy J Yl J dvolm{g)t'^ + 0{t^ dt 



r(^) 



1=0 



M 
oo 



/...* + / 



dt 





n+3 



^ r(^\ Y s _n,i ,1 / dvolmig)+ (10.45) 

\ 2 ) 1=0 2 2 ~^ 2 ~^ 2 ^ 



+ 



+ 



r(^) 



r(^) 



t^O{t^) dt + 



t— tr (De*^ - D'e 



-tD' 



dt 



(10.46) 
(10.47) 



We infer from (10.43) that (10.47) is holomorphic inC. (10.46) is holomorphic 
in Res > —5. (10.45) admits a meromorphic extension to C ri{s, D, D') is 
holomorphic at s = if the coefficient J a_i (m) dvolm{g) equals to zero. □ 



M 



This finishes our analytical approach to relative Dirichlet series for pairs of 
open manifolds arising from geometry. In a forthcoming paper a combinato- 
rial approach will be presented. 
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